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1. Introduction

For PDEs that enjoy the conservation/dissipation property, numerical schemes that inherit that property are often advan-
tageous, in that the schemes are fairly stable and yield qualitatively better numerical solutions in practice. For example, the
Cahn–Hilliard equation
@u
@t
¼ @2

@x2 puþ ru3 þ q
@2u
@x2

 !
; ðt; xÞ 2 ð0;1Þ� ð0; LÞ; ð1Þ
has a dissipation property
d
dt

Z L

0

p
2

u2 þ r
4

u4 � q
2

@u
@x

� �2
 !

dx 6 0; t > 0 ð2Þ
under certain boundary conditions. Here p; q and r are real parameters that satisfy p < 0; q < 0 and r > 0. Although the exis-
tence of the term related to the negative dispersion effect in this equation often makes naive numerical schemes unstable,
some numerical schemes that are designed so that they inherit the dissipation property (2) are proved to be stable and con-
vergent [5,8].

Recently, Furihata and Matsuo [7–9,14–17] have developed the so-called ‘‘discrete variational method” that automatically
constructs conservative/dissipative finite difference schemes for a class of PDEs with the conservation/dissipation property
. All rights reserved.
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that stems from a certain variational structure. Originally, Furihata considered two types of equations in his first paper [7].
The first is the class of equations with the form
1 The
@u
@t
¼ ð�1Þsþ1 @

@x

� �2s dG
du
; s ¼ 0;1;2;3; . . . ; x 2 ½0; L�; ð3Þ
where dG=du is the variational derivative, which is defined by
dG
du
¼ @G
@u
� @

@x
@G
@ux

: ð4Þ
This class of equations includes the heat equation and the Cahn–Hilliard equation. The second is the class of equations with
the form
@u
@t
¼ @

@x

� �2sþ1 dG
du
; s ¼ 0;1;2;3; . . . ; x 2 ½0; L�; ð5Þ
which includes the advection equation and the KdV equation. Gðu;uxÞ denotes a certain energy functional, such as the Ham-
iltonian or free energy. The total energy of these equations is defined by
HðtÞ :¼
Z L

0
Gðu;uxÞdx: ð6Þ
As is widely known, under certain boundary conditions, (3) has the dissipation property
dH
dt
6 0 ð7Þ
and (5) has the conservation property
dH
dt
¼ 0: ð8Þ
Furihata proposed a method to derive finite difference schemes for (3) and (5) that inherit these properties after discreti-
zation, and his method has been extended to many other equations [9,14,16,17].

Until recently, the discrete variational method has been developed on uniform meshes only. However, especially in mul-
tidimensional problems, the use of nonuniform meshes is of importance, because the restriction to uniform meshes forces
the domains to be rectangles. Furthermore, even in one-dimensional cases, nonuniform meshes are often useful when solu-
tions exhibit locally complicated behavior.

In this paper, we extend the discrete variational method to nonuniform meshes. The extension is based on the ‘‘mapping
method”, where the change of coordinates plays an important role. For this reason, in the process of extension, we also show
that after the change of coordinates, it remains that the conservation/dissipation property is obtained from the variational
structure of the original equation.1

One of the most successful methods in structure preserving methods for PDEs is the mimetic approach ([1–4,11,19] and
references therein). In this approach, differential operators are discretized even on unstructured meshes in a coordinate-
invariant way while preserving the mass conservation, theorems of vector and tensor calculus, and the cohomology groups.
Although there seem to be many similarities between the mimetic methods and our method, they are different. For example,
whilst the quantities of interest in our method are from the variational structure, those in the mimetic approach are prin-
cipally from geometric aspects of equations.

This paper is organized as follows.
In Section 2, we consider simple one-dimensional cases to clarify the idea of the extension, which employs the mapping

method. Therefore, we briefly review the idea of the mapping method firstly in Section 2.1 and derive the conservation/dis-
sipation property from the variational structure after the change of coordinates. In Section 2.2, we introduce a summation by
parts formula on one-dimensional nonuniform grids, since it plays a very important role in the discrete variational method,
similar to that of the integration by parts in conventional variational calculus. By using that formula, we define the discrete
variational derivatives in Section 2.3. The dissipative and conservative schemes are defined in Sections 2.4 and 2.5,
respectively.

In Section 3, we show a conservative scheme for the KdV equation as an example and give a numerical example. In Section
4, we extend the discrete variational method to multidimensional nonuniform meshes. Although we consider two-dimen-
sional cases only for convenience of notation, the same procedure can be applied to cases greater than two dimensions. Be-
cause the integration by parts is replaced by the Gauss theorem in multidimensional cases, we show the discrete analogue of
basic idea has already been published in a Japanese paper [20].
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the Gauss theorem and derive the dissipative/conservative schemes using that theorem. As an example, a dissipative scheme
for the Cahn–Hilliard equation is provided in Section 5, which is accompanied by a numerical example.

The discrete variational method has been extended to equations other than those of the form (3) or (5), which include
complex valued equations and nonlinear wave equations [9,14,16]. Our extension is also applicable to such equations. As
an example, in Section 6, an application to a class of one-dimensional complex valued equations is described.

2. Extension to one-dimensional nonuniform grids

In this section, we extend the discrete variational method to one-dimensional nonuniform grids. We consider two classes
of equations.

The first class is equations of the form (3). Equations in this class are dissipative in the following sense.

Theorem 1. (e.g. [7]). Suppose that the boundary condition satisfies
@u
@t

@G
@ux

� �L

0
¼ 0: ð9Þ
Suppose also that
@p�1

@xp�1

dG
du

 !
@2s�p

@x2s�p

dG
du

 !" #L

0

¼ 0; p ¼ 1; . . . ; s ð10Þ
if s P 1. Then solutions of (3) have the dissipation property:
dH
dt
6 0; HðtÞ ¼

Z L

0
Gðu;uxÞdx:
The second class is equations of the form (5). Equations in this class are conservative.

Theorem 2. (e.g. [7]). Suppose that the boundary condition satisfies
@u
@t

@G
@ux

� �L

0
¼ 0;

@s

@xs

dG
du

� �2
" #L

0

¼ 0:
Suppose also that
@p�1

@xp�1

dG
du

 !
@2sþ1�p

@x2sþ1�p

dG
du

 !" #L

0

¼ 0; p ¼ 1; . . . ; s ð11Þ
if s P 1. Then solutions of (5) have the conservation property:
dH
dt
¼ 0; HðtÞ ¼

Z L

0
Gðu;uxÞdx ¼ 0:
These theorems are proved by the following lemma:

Lemma 3. (e.g. [7]). Suppose that a solution of (3) or (5) satisfies the condition
@u
@t

@G
@ux

� �L

0
¼ 0:
Then
dH
dt
¼
Z L

0

@u
@t

dG
du

dx: ð12Þ
Proof of Theorem 1. From Lemma 3 it follows that
d
dt

Z L

0
Gðu; uxÞdx ¼

Z L

0

@u
@t

dG
du

dx:
Substituting Eq. (3) into the right-hand side and repeating applications of the integration by parts give
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¼
Z L

0
ð�1Þsþ1 @

@x

� �2s dG
du

 !
dG
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¼
Z L

0
ð�1Þsþ2 @

@x

� �2s�1 dG
du

 !
@

@x
dG
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� �
dxþ ð�1Þsþ1 @

@x

� �2s�1 dG
du

 !
dG
du

" #x¼L

0

..

.

¼ ð�1Þ2sþ1
Z L

0

@

@x

� �s dG
du

� �2

dx 6 0: �
Proof of Theorem 2. From Lemma 3 it follows that
d
dt

Z L

0
Gðu;uxÞdx ¼

Z L

0

@u
@t

dG
du

dx:
Substituting Eq. (3) into the right-hand side and repeating applications of the integration by parts give
¼
Z L

0

@

@x

� �2sþ1 dG
du

 !
dG
du

dx

¼ �
Z L

0

@

@x
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 !
@
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 !
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0

..

.
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0

@
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0

@

@x

� �s dG
du
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@
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0
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Z L

0
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� �s dG
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� �
@
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� �sþ1 dG
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 !
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It follows that
d
dt

Z L

0
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Z L

0
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@
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� �sþ1 dG
du

 !
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Lemma 3 is proved by a kind of calculus of variations. In fact, by the integration by parts, it is shown that
d
dt

Z L

0
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Z L

0
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@G
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@
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@G
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� �x¼L

0
¼
Z L

0

@u
@t

dG
du

dx:
In this sense, we call Lemma 3 ‘‘the variational structure” of equations of the form (3) or (5). By discretizing this structure, the
discrete variational method derives the schemes that preserve Theorems 1 or 2. It is notable that the Proof of Theorems 1 and
2 are based on the following three:

� the integration by parts;
� the variational structure, that is, the variational derivative that satisfies Lemma 3;
� the fact that the equations are written in the form (3) or (5).

The idea of the discrete variational method is to discretize these three. Thereby, in the discrete variational method,

� the summation by parts is introduced;
� the variational structure is preserved, that is, the discrete variational derivative that satisfies a discrete analogue of Lemma

3 is introduced;
� the schemes are defined using the discrete variational derivative so that they have a similar form to (3) or (5).

In the remainder of this section, we extend the discrete variational method to one-dimensional nonuniform grids, by
showing that these three can be retained after discretization, even on such grids. We propose use of the mapping method,
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in which the spatial coordinate is transformed to so-called ‘‘computational space”, which is a domain whose axis is the index
of the node. With this idea in mind,

� first, in Section 2.1, we show that the conservation/dissipation properties are obtained from the variational structure even
in the computational space;

and then,

� in Section 2.2, we provide a summation by parts formula on nonuniform grids;
� in Section 2.3, we introduce the discrete variational derivative on nonuniform grids and provide an analogue of Lemma 3;
� in Sections 2.4 and 2.5, we derive dissipative/conservative finite difference schemes, respectively, by using the discrete

variational derivative defined in Section 2.3.

2.1. The mapping method and the dissipation/conservation properties in the computational space

We set the N þ 1 points 0 ¼ x0 < x1 < x2 < � � � < xN ¼ L on the target domain X ¼ fxjx 2 ½0; L�g. The approximated value of
uðnDt; xjÞ is denoted by UðnÞj . Because we wish to use the mapping method, the target domain X ¼ fxjx 2 ½0; L�g is first mapped
to the computational space N ¼ fnjn 2 ½0;N�g. We denote this map from N to X by xðnÞ and assume that xðnÞ is a sufficiently
smooth function that satisfies
xðjÞ ¼ xj; J ¼ dx
dn

> 0;
where J is the Jacobian. In the mapping method, the differential operator @=@x is discretized by approximating the right-hand
side of
@

@x
¼ dx

dn

� ��1
@

@n
by some finite difference operators. For example, if we choose
dx
dn
’ xjþ1 � xj;

@u
@n
’ UðnÞjþ1 � UðnÞj ;
for the approximation of dx=dn and @u=@n, then @u=@x is discretized by
@u
@x
’

UðnÞjþ1 � UðnÞj

xjþ1 � xj
:

We are to apply this method to the discrete variational method; however, it is not obvious whether the conservation/dis-
sipation property stems from the variational structure after the change of coordinates. Therefore, this must first be
confirmed.

The transformation of (3) to the computational space results in
@u
@t
¼ ð�1Þsþ1 dn

dx
d

dn

� �2s dG
du

� �
cs
; s ¼ 0;1;2;3; . . . ;
where dG
du

� �
cs is the transformed variational derivative
dG
du

� �
cs
¼ @G
@u
� J�1 @

@n
J
dn
dx

@G
@ux

� �
:

This is a natural form of the variational derivative in the computational space, as later shown in Lemma 7. Since J ¼ dx=dn,
we can express this equation as
@u
@t
¼ � �J�1 d

dn

� �
�dn

dx
d

dn

� �s�1 dn
dx

J
dn
dx

d
dn

� �
dn
dx

d
dn

� �s�1 dG
du

� �
cs
; s ¼ 0;1;2;3; . . . ð13Þ
Similarly (5) is transformed to
@u
@t
¼ dn

dx
d

dn

� �2sþ1 dG
du

� �
cs
; s ¼ 0;1;2;3; . . .
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and this becomes
@u
@t
¼ J�1 d

dn

� �
dn
dx

d
dn

� �2s dG
du

� �
cs
; s ¼ 0;1;2;3; . . . ð14Þ
Remark 1. In the above, we denote dx=dn in two ways, dx=dn and J ¼ dx=dn. Although these are clearly the same operators,
these two are distinguished, because they are discretized in different manners in the later sections. dx=dn is discretized to
approximate dx=dn in the transformed differential operator d=dx ¼ dn=dx � d=dn, and J approximates the Jacobian in the
transformed integral

R
�dx ¼

R
�J dn. Similarly, since J � dn=dx ¼ 1, it is verbose to express J � dn=dx and other similar terms, but

we do not omit them for the same reason.

Theorems 1 and 2 in the computational space are given as follows.

Theorem 4. (Theorem 1 in the computational space). Suppose that the boundary condition satisfies
@u
@t

@G
@ux

� �n¼N

n¼0
¼ 0: ð15Þ
Suppose also that
dn
dx

@

@n

� �s�p dn
dx

J
dn
dx

@

@n
dn
dx

@

@n

� �s�1 dG
du

� �
cs

 !
dn
dx

@

@n

� �p�1 dG
du

� �
cs

 !" #n¼N

n¼0

¼ 0; p ¼ 1; . . . ; s ð16Þ
if s P 1. Then the solutions of (13) have the dissipation property:
dHcs

dt
6 0; HcsðtÞ ¼

Z N

0
Gðu;uxÞJ dn:
Theorem 5. (Theorem 2 in the computational space). Suppose that the boundary condition satisfies
@u
@t

@G
@ux

� �n¼N

n¼0
¼ 0;

dn
dx

@

@n

� �s dG
du

� �
cs

� �2
" #n¼N

n¼0

¼ 0:
Suppose also that
dn
dx

@

@n

� �p�1 dG
du

� �
cs

 !
dn
dx

@

@n

� �2sþ1�p dG
du

� �
cs

 !" #n¼N

n¼0

¼ 0; p ¼ 1; . . . ; s ð17Þ
if s P 1. Then the solutions of (14) have the conservation property:
dHcs

dt
¼ 0; HcsðtÞ ¼

Z N

0
Gðu; uxÞJ dn:
To prove these theorems, we use the integration by parts that is transformed to the computational space.

Lemma 6. (The integration by parts in the computational space). Let uðnÞ and vðnÞ be functions on ½0;N� that satisfy
J
dn
dx

uv
� �n¼N

n¼0
¼ 0: ð18Þ
Then
 Z N

0
Ju

dn
dx

dv
dn

� �
dn ¼ �

Z N

0
Jv J�1 d

dn
dn
dx

Ju
� �� �

dn: ð19Þ
Proof. Lemma 6 is immediately obtained, because this is just a transformed form of the integration by parts. However, since
we later discretize this lemma by the mapping method, we prove it by using calculations on the computational space only.

By applying the integration by parts with respect to n, we have
Z N

0
Ju

dn
dx

dv
dn

� �
dn ¼ �

Z N

0
v d

dn
dn
dx

Ju
� �

dnþ J
dn
dx

uv
� �n¼N

n¼0
¼ �

Z N

0
v d

dn
dn
dx

Ju
� �

dn ¼ �
Z N

0
Jv J�1 d

dn
dn
dx

Ju
� �� �

dn: �
Now we show Lemma 3, the variational structure, in the computational space:
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Lemma 7. Suppose that a solution of (3) or (5) satisfies the condition
@u
@t

J
dn
dx

@G
@ux

� �n¼N

n¼0
¼ 0: ð20Þ
Then
dHcs

dt
¼
Z N

0

@u
@t

dG
du

� �
cs

J dn;
dG
du

� �
cs

:¼ @G
@u
� J�1 @

@n
J
dn
dx

@G
@ux

� �
; ð21Þ
and dG
du

� �
cs satisfies
dG
du

� �
cs
¼ dG

du
:

Proof. By the chain rule, we obtain
dHcs

dt
¼ d

dt

Z N

0
GJ dn ¼

Z N

0

@G
@u

@u
@t
þ @G
@ux

@ux

@t

� �
J dn ¼

Z N

0

@G
@u

@u
@t

J dnþ
Z N

0
J
@G
@ux

dn
dx

@ut

@n

� �
dn:
By applying the integration by parts of the form shown in Lemma 6, we have
¼
Z N

0

@G
@u

@u
@t

J dn�
Z N

0

@u
@t

J�1 @

@n
dn
dx

J
@G
@ux

� �� �
J dn ¼

Z N

0

@u
@t

dG
du

� �
cs

J dn: ð22Þ
For the latter part, we have
dG
du

� �
cs
¼ @G
@u
� J�1 @

@n
J
dn
dx

@G
@ux

� �
¼ @G
@u
� dn

dx
@

@n
@G
@ux
¼ @G
@u
� @

@x
@G
@ux
¼ dG

du
;

since J ¼ dx=dn. h

Thus, we have confirmed that the variational structure is retained in the computational space, so we can now proceed to
prove Theorems 4 and 5.

Proof of Theorem 4. By Lemma 7, we have
dHcs

dt
¼
Z N

0

@u
@t

dG
du

� �
cs

J dn:
Substituting Eq. (13) and application of the integration by parts in Lemma 6 give
¼ �
Z N

0
�J�1 d

dn

� �
�dn

dx
d

dn

� �s�1 dn
dx

J
dn
dx

d
dn

� �
dn
dx

d
dn

� �s�1 dG
du

� �
cs

( )
dG
du

� �
cs

J dn

¼ �
Z N

0
�dn

dx
d

dn

� �s�1 dn
dx

J
dn
dx

d
dn

� �
dn
dx

d
dn

� �s�1 dG
du

� �
cs

( )
J�1 d

dn

� �
dG
du

� �
cs

� 	
J dn

¼ �
Z N

0
�J�1 d

dn

� �
�dn

dx
d

dn

� �s�2 dn
dx

J
dn
dx

d
dn

� �
dn
dx

d
dn

� �s�1 dG
du

� �
cs

( )
dn
dx

d
dn

� �
dG
du

� �
cs

� 	
J dn:
We continue in this fashion to obtain
¼ �
Z N

0
�J�1 d

dn

� �
�dn

dx
d

dn

� �s�3 dn
dx

J
dn
dx

d
dn

� �
dn
dx

d
dn

� �s�1 dG
du

� �
cs

( )
dn
dx

d
dn

� �2 dG
du

� �
cs

( )
J dn

..

.

¼ �
Z N

0
�J�1 d

dn

� �
dn
dx

J
dn
dx

d
dn

� �
dn
dx

d
dn

� �s�1 dG
du

� �
cs

( )
dn
dx

d
dn

� �s�1 dG
du

� �
cs

( )
J dn

¼ �
Z N

0

dn
dx

J
dn
dx

d
dn

� �
dn
dx

d
dn

� �s�1 dG
du

� �
cs

( )
J�1 d

dn
dn
dx

d
dn

� �s�1 dG
du

� �
cs

( )
J dn

¼ �
Z N

0
J

dn
dx

d
dn

� �s dG
du

� �
cs

� 	2

dn 6 0:
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d
dt

Z N

0
Gðu; uxÞJ dn ¼

Z N

0

@u
@t

dG
du

� �
cs

J dn:
Substituting Eq. (13) and application of the integration by parts in Lemma 6 give
¼
Z N

0
J�1 d

dn

� �
dn
dx

d
dn

� �2s dG
du

� �
cs

( )
dG
du

� �
cs

J dn

¼ �
Z N

0

dn
dx

d
dn

� �2s dG
du

� �
cs

( )
J�1 d

dn

� �
dG
du

� �
cs

� 	
J dn

¼ �
Z N

0
J�1 d

dn

� �
dn
dx

d
dn

� �2s�1 dG
du

� �
cs

( )
dn
dx

d
dn

� �
dG
du

� �
cs

� 	
J dn:
We continue in this fashion to obtain
¼ ð�1Þ2
Z N

0
J�1 d

dn

� �
dn
dx

d
dn

� �2s�2 dG
du

� �
cs

( )
dn
dx

d
dn

� �2 dG
du

� �
cs

( )
J dn

..

.

¼ ð�1Þs
Z N

0
J�1 d

dn

� �
dn
dx

d
dn

� �s dG
du

� �
cs

� 	
dn
dx

d
dn

� �s dG
du

� �
cs

� 	
J dn

¼ ð�1Þsþ1
Z N

0

dn
dx

d
dn

� �s dG
du

� �
cs

� 	
J�1 d

dn

� �
dn
dx

d
dn

� �s dG
du

� �
cs

� 	
J dn:
The last equality shows that this value equals 0. h

2.2. Discrete symbols and a summation by parts formula on nonuniform grids

In this section we introduce symbols that are useful for notation and show a summation by parts formula on nonuniform
grids. As in the previous section, we divide the interval ½0; L� into nonuniform meshes with nodes

0 ¼ x0 < x1 < x2 < � � � < xN ¼ L. The approximated value of uðnDt; xjÞ is denoted by UðnÞj . In what follows, d’s with suffixes de-
note difference operators in the computational space, that is, approximations of @=@n. For example, we write the forward

difference operator in the computational space as dþUðnÞj ¼ UðnÞjþ1 � UðnÞj , the backward difference operator as

d�UðnÞj ¼ UðnÞj � UðnÞj�1 and the central difference operator as dcUðnÞj ¼ UðnÞjþ1 � UðnÞj�1


 �
=2. We denote the approximated value of

dx=dn by ðxnÞj or similar notations, which may be set, for example, to ðxnÞj ¼ xjþ1 � xj. ðxnÞj’s are used to approximate the val-
ues that are denoted by dx=dn in the previous section. We also denote the positive weights by wj’s that are defined so thatPN

j¼0wj approximates the integral operator. wj’s are used to approximate the values that are denoted by J in the previous
section. d; ðxnÞj and wj are chosen arbitrarily, unless otherwise specified.

To discretize Lemma 6, we introduce the useful notations:

Definition 1. For a finite difference operator d with the a-point stencil
dUj ¼
Xa

k¼�a

akUjþk;
we define d� by
d�Uj ¼ �
Xa

k¼�a

a�kUjþk:
Definition 2. Let d be a finite difference operator with the a-point stencil that is represented as
dUj ¼
Xa

k¼�a

akUjþk:
Let ðxnÞj be an arbitrarily chosen approximation of dx=dn and wj > 0 be the weights that are defined so that
PN

j¼0wj

approximates the integral operator. For any sequences Uj and Vj, we define boundary term operators lð�;d;ðxnÞjÞðfUjg; fVjgÞ
by
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lðþ;d;ðxnÞjÞðfUjg; fVjgÞ :¼
XN

j¼N�aþ1

XNþa

k¼Nþ1

~aj;k wjðxnÞ�1
j UjVk


 �
þ

XN

j¼N�aþ1

XNþa

k¼Nþ1

~a�j;k wkðxnÞ�1
k UkVj


 �
;

lð�;d;ðxnÞjÞðfUjg; fVjgÞ :¼
Xa�1

j¼0

X�1

k¼�a

~aj;k wjðxnÞ�1
j UjVk


 �
þ
Xa�1

j¼0

X�1

k¼�a

~a�j;k wkðxnÞ�1
k UkVj


 �
;

where ~aj;k is defined by
~aj;k ¼
a�jþk ðk ¼ j� a; j� aþ 1; . . . ; jþ a� 1; jþ aÞ;
0 ðotherwiseÞ

�

and ~a�j;k is defined corresponding to d� in a similar way:
~a�j;k ¼
a��jþk ðk ¼ j� a; j� aþ 1; . . . ; jþ a� 1; jþ aÞ;
0 ðotherwiseÞ;

(

a�k ¼ �a�k:
lðþ;d;ðxnÞjÞðfUjg; fVjgÞ and lð�;d;ðxnÞjÞðfUjg; fVjgÞ approximate UNVN and �U0V0, respectively. An example is provided in Re-
mark 2 below. We now give the summation by parts formula:

Lemma 8. Let d be a finite difference operator that is represented as
dUj ¼
Xa

k¼�a

akUjþk
and ðxnÞj ’s be approximated values of dx=dn. For any sequences Uj and Vj that satisfy
lðþ;d;ðxnÞjÞðfUjg; fVjgÞ þ lð�;d;ðxnÞjÞðfUjg; fVjgÞ ¼ 0; ð23Þ
a summation by parts formula
XN

j¼0

wjUjððxnÞ�1
j dVjÞ ¼ �

XN

j¼0

wjVjw�1
j d� ðxnÞ�1

j wjUj


 �
ð24Þ
holds.

Remark 2. The condition (23) corresponds to the condition (18) in Lemma 6. To clarify this, let us consider the simplest case,
where uniform grids
ðxnÞj ¼ wj ¼ Dx
and the central difference operator d ¼ dc are employed. In this case,
dUj ¼
1
2
ðUjþ1 � Uj�1Þ ¼

Xa
k¼�a

akUjþk; a ¼ 1; ak ¼
�1=2 ðk ¼ �1Þ
0 ðk ¼ 0Þ
1=2 ðk ¼ 1Þ

8><
>:
and hence ~aj;k is
~aj;k ¼
ð � � � 0; �1=2; 0; 1=2; 0; � � � Þ
� � � k ¼ j� 2 k ¼ j� 1 k ¼ j k ¼ jþ 1 k ¼ jþ 2 � � �

:

The central difference operator is self-adjoint in the sense that d� ¼ d and ~a�j;k ¼ ~aj;k. The boundary term operators
become
lðþ;d;ðxnÞjÞðfUjg; fVjgÞ ¼
XN

j¼N

XNþ1

k¼Nþ1

~aj;k wjðxnÞ�1
j UjVk


 �
þ
XN

j¼N

XNþ1

k¼Nþ1

~a�j;k wkðxnÞ�1
k UkVj


 �

¼ ~aN;Nþ1wNðxnÞ�1
N UNVNþ1 þ ~a�N;Nþ1wNþ1ðxnÞ�1

Nþ1UNþ1VN ¼
1
2

UNVNþ1 þ UNþ1VNð Þ
and
lð�;d;ðxnÞjÞ
ðfUjg; fVjgÞ ¼

X0

j¼0

X�1

k¼�1

~aj;k wjðxnÞ�1
j UjVk


 �
þ
X0

j¼0

X�1

k¼�1

~a�j;k wkðxnÞ�1
k UkVj


 �

¼ ~a0;�1w0ðxnÞ�1
0 U0V�1 þ ~a�0;�1w�1ðxnÞ�1

�1U�1V0 ¼ �
1
2
ðU0V�1 þ U�1V0Þ:
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Thus, the left-hand side of (23) is
1
2
ðUNVNþ1 þ UNþ1VNÞ �

1
2
ðU0V�1 þ U�1V0Þ;
which is an approximation of (18).

Remark 3. Examples for the boundary conditions that enjoy condition (23) include the Dirichlet boundary condition
Uj ¼ Vj ¼ 0 for all j such that j > N or j < 0 ð25Þ
and the periodic boundary condition
UjþNþ1 ¼ Uj; VjþNþ1 ¼ Vj; ðxnÞ�1
jþNþ1 ¼ ðxnÞ�1

j ; wjþNþ1 ¼ wj for all j: ð26Þ
These are confirmed in the following way. Under the Dirichlet boundary condition we have
lðþ;d;ðxnÞjÞðfUjg; fVjgÞ ¼
XN

j¼N�aþ1

XNþa

k¼Nþ1

~aj;k wjðxnÞ�1
j UjVk


 �
þ

XN

j¼N�aþ1

XNþa

k¼Nþ1

~a�j;k wkðxnÞ�1
k UkVj


 �

¼
XN

j¼N�aþ1

XNþa

k¼Nþ1

~aj;k wjðxnÞ�1
j Uj � 0


 �
þ

XN

j¼N�aþ1

XNþa

k¼Nþ1

~a�j;k wkðxnÞ�1
k � 0 � Vj


 �
¼ 0:
A similar calculation yields lð�;d;ðxnÞjÞðfUjg; fVjgÞ ¼ 0, and combining these gives (23). In the case of the periodic boundary
condition, we have
muðþ;d;ðxnÞjÞðfUjg; fVjgÞ þ lð�;d;ðxnÞjÞðfUjg; fVjgÞ ¼
XN

j¼N�aþ1

XNþa

k¼Nþ1

~aj;k wjðxnÞ�1
j UjVk


 �
þ

XN

j¼N�aþ1

XNþa

k¼Nþ1

~a�j;k wkðxnÞ�1
k UkVj


 �

þ
Xa�1

j¼0

X�1

k¼�a

~aj;k wjðxnÞ�1
j UjVk


 �
þ
Xa�1

j¼0

X�1

k¼�a

~a�j;k wkðxnÞ�1
k UkVj


 �

¼
XN

j¼N�aþ1

Xa�1

k¼0

~aj;k wjðxnÞ�1
j UjVk


 �
þ

XN

j¼N�aþ1

Xa�1

k¼0

~a�j;k wkðxnÞ�1
k UkVj


 �

þ
Xa�1

j¼0

XN

k¼N�aþ1

~aj;k wjðxnÞ�1
j UjVk


 �
þ
Xa�1

j¼0

XN

k¼N�aþ1

~a�j;k wkðxnÞ�1
k UkVj


 �

¼
XN

j¼N�aþ1

Xa�1

k¼0

~aj;k wjðxnÞ�1
j UjVk


 �
�

XN

j¼N�aþ1

Xa�1

k¼0

~ak;j wkðxnÞ�1
k UkVj


 �

þ
Xa�1

j¼0

XN

k¼N�aþ1

~aj;k wjðxnÞ�1
j UjVk


 �
�
Xa�1

j¼0

XN

k¼N�aþ1

~ak;j wkðxnÞ�1
k UkVj


 �
¼ 0:
Remark 4. It is common to use the inner product in order to derive summation-by-parts-type formulas [1,12,13,19]. The
summation by parts formula (24) in Lemma 8 is comprehensible, if it is represented by using the inner product as well.
We see it by an example where the difference operator d is the forward difference operator d ¼ dþ and the boundary condi-
tion is given by the Dirichlet condition (25) or the periodic boundary condition (26).

Firstly, we compute the difference matrix D that represents d. When the Dirichlet condition is imposed, we have for j – N
dUj ¼ Ujþ1 � Uj
and for j ¼ N
dUN ¼ UNþ1 � UN ¼ �UN :
Therefore,
dU0

dU1

dU2

..

.

dUN�2

dUN�1

dUN

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA
¼

�1 1 0 0 0 � � � 0
0 �1 1 0 0 � � � 0
0 0 �1 1 0 � � � 0
..
. . .

. . .
. . .

. . .
. . .

. ..
.

0 � � � 0 0 �1 1 0
0 � � � � � � 0 0 �1 1
0 � � � � � � � � � 0 0 �1

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA

U0

U1

U2

..

.

UN�2

UN�1

UN

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA
;
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and hence
D ¼

�1 1 0 0 0 � � � 0
0 �1 1 0 0 � � � 0
0 0 �1 1 0 � � � 0
..
. . .

. . .
. . .

. . .
. . .

. ..
.

0 � � � 0 0 �1 1 0
0 � � � � � � 0 0 �1 1
0 � � � � � � � � � 0 0 �1

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA
:

Similarly, we have for j – 0
d�Uj ¼ Uj � Uj�1
and for j ¼ 0
d�U0 ¼ U0 � U�1 ¼ U0;
and hence the difference matrix for d�, which is denoted as D�, is
D� ¼

1 0 0 0 0 � � � 0
�1 1 0 0 0 � � � 0
0 �1 1 0 0 � � � 0
..
. . .

. . .
. . .

. . .
. . .

. ..
.

0 � � � 0 �1 1 0 0
0 � � � � � � 0 �1 1 0
0 � � � � � � � � � 0 �1 1

0
BBBBBBBBBB@

1
CCCCCCCCCCA
:

In a similar way, when the periodic boundary condition is imposed, the difference matrices become
D ¼

�1 1 0 0 0 � � � 0
0 �1 1 0 0 � � � 0
0 0 �1 1 0 � � � 0
..
. . .

. . .
. . .

. . .
. . .

. ..
.

0 � � � 0 0 �1 1 0
0 � � � � � � 0 0 �1 1
1 � � � � � � � � � 0 0 �1

0
BBBBBBBBBB@

1
CCCCCCCCCCA
; D� ¼

1 0 0 0 0 � � � �1
�1 1 0 0 0 � � � 0
0 �1 1 0 0 � � � 0
..
. . .

. . .
. . .

. . .
. . .

. ..
.

0 � � � 0 �1 1 0 0
0 � � � � � � 0 �1 1 0
0 � � � � � � � � � 0 �1 1

0
BBBBBBBBBB@

1
CCCCCCCCCCA
:

Note that these matrices satisfy D� ¼ �D>.
Let matrices W and X be W ¼ diagðwjÞ and X ¼ diagððxnÞjÞ. Let vectors ~U and ~V be ~U ¼ ðU0; . . . ;UNÞ and ~V ¼ ðV0; . . . ;VNÞ.

Using these notations we can rewrite
XN

j¼0

wjUj ðxnÞ�1
j dVj


 �
¼ h~U;X�1D~ViW ;
where h~U; ~ViW :¼ ~U>W~V is the inner product with the weight W. Since the adjoint operator of X�1D with respect to this inner
product is W�1D>X�1W , we have
h~U;X�1D~ViW ¼ hW
�1D>X�1W~U; ~ViW
and
¼ �hW�1ð�DÞ>X�1W~U; ~ViW :
Rewriting this to the form with operators, we have
¼ �
XN

j¼0

wjVjw�1
j d� ðxnÞ�1

j wjUj


 �
;

because �D> corresponds to d�. This coincides with the summation by parts (24).
Furthermore, the above argument is a discrete counterpart of the fact that the transformed integration by parts (19) is

expressed as
u;
dn
dx

@v
@n

� 
J

¼ � J�1 @

@n
dn
dx

Ju
� �

; v
� 

J
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by using the adjoint operator of the differential operator dn=dx � @=@n with respect to the inner product h�; �iJ whose weight is
the Jacobian.

Proof of Lemma 8. In a straightforward way, we obtain
XN

j¼0

wjUj ðxnÞ�1
j dVj


 �
¼
XN

j¼0

Xa

k¼�a

wjUjðxnÞ�1
j akVjþk

¼
XN

j¼0

XN

k¼0

wjUjðxnÞ�1
j

~aj;kVk þ
XN

j¼N�aþ1

XNþa

k¼Nþ1

~aj;k wjðxnÞ�1
j UjVk


 �
þ
Xa�1

j¼0

X�1

k¼�a

~aj;k wjðxnÞ�1
j UjVk


 �

¼
XN

j¼0

XN

k¼0

wkUkðxnÞ�1
k

~ak;jV j þ
XN

j¼N�aþ1

XNþa

k¼Nþ1

~aj;k wjðxnÞ�1
j UjVk


 �
þ
Xa�1

j¼0

X�1

k¼�a

~aj;k wjðxnÞ�1
j UjVk


 �
:

Using ~aj;k ¼ �~a�k;j, we obtain
¼ �
XN

j¼0

XN

k¼0

wkUkðxnÞ�1
k

~a�j;kVj þ
XN

j¼N�aþ1

XNþa

k¼Nþ1

~aj;k wjðxnÞ�1
j UjVk


 �
þ
Xa�1

j¼0

X�1

k¼�a

~aj;k wjðxnÞ�1
j UjVk


 �

¼ �
XN

j¼0

Xa

k¼�a

wkUkðxnÞ�1
k a�kVj þ

XN

j¼N�aþ1

XNþa

k¼Nþ1

~a�j;k wkðxnÞ�1
k UkVj


 �

þ
Xa�1

j¼0

X�1

k¼�a

~a�j;k wkðxnÞ�1
k UkVj


 �
þ

XN

j¼N�aþ1

XNþa

k¼Nþ1

~aj;k wjðxnÞ�1
j UjVk


 �
þ
Xa�1

j¼0

X�1

k¼�a

~aj;k wjðxnÞ�1
j UjVk


 �

¼ �
XN

j¼0

Xa

k¼�a

wkUkðxnÞ�1
k a�kVj þ lðþ;d;ðxnÞjÞðfUjg; fVjgÞ þ lð�;d;ðxnÞjÞðfUjg; fVjgÞ ¼ �

XN

j¼0

Xa

k¼�a

wkUkðxnÞ�1
k a�kVj:
The last equality is due to (23). Rewriting this to the form with difference operators, we obtain
¼ �
XN

j¼0

wjVjw�1
j d� ðxnÞ�1

j wjUj


 �
: �
2.3. Definition of the discrete variational derivative

In this section, we introduce the discrete variational derivative on one-dimensional nonuniform grids. The discrete var-
iational derivative will be defined by an approximation of the variational derivative in the computational space
dG
du

� �
cs
¼ @G
@u
� J�1 @

@n
J
dn
dx

@G
@ux

� �
:

Suppose that the energy functional G is given in the next form:
Gðu;uxÞ ¼
XK

l¼1

flðuÞglðuxÞ; ð27Þ
where fl’s and gl’s are differentiable functions. We define the discrete energy functional by
Gdð~UðnÞÞj :¼
XK

l¼1

fl UðnÞj


 � 1
Ml

XMl

m¼1

gl ðxnÞ�1
l;m;jdl;mUðnÞj


 � !
; ð28Þ
where each ðxnÞ�1
l;m;j is an approximation of ðxnÞ�1 and dl;m is a difference operator, both of which can be chosen arbitrarily. The

summation with respect to m is introduced in consideration of the situation where each gl is approximated by using more
than one difference operator. An example for the KdV equation that is shown in Section 3 helps understand the meaning of
this summation. We define the discrete total energy HðnÞ by
HðnÞ :¼
XN

j¼0

wjGdð~UðnÞÞj ’
Z L

0
Gðu;uxÞdx; ð29Þ
where wj’s are the weights that are defined so that
PN

j¼0wj becomes an approximation of the integral.
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Definition 3. We define the discrete variational derivative of Gdð~UðnÞÞj by
dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
j

:¼
XK

l¼1

1
Ml

XMl

m¼1

@G d

@ð~Uðnþ1Þ; ~UðnÞÞ

 !
l;m;j

�w�1
j d�l;m ðxnÞ�1

l;m;jwj
@Gd

@ ~Uðnþ1Þ
x ; ~UðnÞx


 �
0
@

1
A

l;m;j

0
B@

1
CA

0
B@

1
CA; ð30Þ
where
@Gd

@ð~Uðnþ1Þ; ~UðnÞÞ

 !
l;m;j

:¼ dfl

dð~Uðnþ1Þ; ~UðnÞÞ

 !
m;j

gl ðxnÞ�1
l;m;jdl;mUðnþ1Þ

j


 �
þ gl ðxnÞ�1

l;m;jdl;mUðnÞj


 �
2

0
@

1
A; ð31Þ

@Gd

@ ~Uðnþ1Þ
x ; ~UðnÞx


 �
0
@

1
A

l;m;j

:¼
fl Uðnþ1Þ

j


 �
þ fl UðnÞj


 �
2

0
@

1
A dgl

d ~Uðnþ1Þ
x ; ~UðnÞx


 �
0
@

1
A

m;j

; ð32Þ

dfl

dð~Uðnþ1Þ; ~UðnÞÞ

 !
m;j

:¼

fl Uðnþ1Þ
j


 �
�fl UðnÞ

j


 �
Uðnþ1Þ

j
�UðnÞ

j

Uðnþ1Þ
j – UðnÞj


 �
;

dfl
dU UðnÞj


 �
ðotherwiseÞ;

8>>><
>>>:

ð33Þ

dgl

d ~Uðnþ1Þ
x ; ~UðnÞx


 �
0
@

1
A

m;j

:¼

gl ðxnÞ�1
l;m;jdl;mUðnþ1Þ

j


 �
�gl ðxnÞ�1

l;m;jdl;mUðnÞ
j


 �
ðxnÞ�1

l;m;jdl;mUðnþ1Þ
j

�ðxnÞ�1
l;m;jdl;mUðnÞ

j

ðxnÞ�1
l;m;jdl;mUðnþ1Þ

j – ðxnÞ�1
l;m;jdl;mUðnÞj


 �
;

dgl
dUx
ðxnÞ�1

l;m;jdl;mUðnÞj


 �
ðotherwiseÞ:

8>>><
>>>:

ð34Þ
The definition is chosen carefully, so that the variational structure is retained after the discretization in the sense that a
discrete counterpart of Lemma 7 holds.

Lemma 9. Suppose the condition
XK

l¼1

1
Ml

XMl

m¼1

l þ;dl;m ;ðxnÞ�1
l;m;jð Þ

Uðnþ1Þ
j � UðnÞj

Dt

( )
;

@Gd

@ ~Uðnþ1Þ
x ; ~UðnÞx


 �
0
@

1
A

l;m;j

8><
>:

9>=
>;

0
B@

1
CA

0
B@

þl �;dl;m ;ðxnÞ�1
l;m;jð Þ

Uðnþ1Þ
j � UðnÞj

Dt

( )
;

@Gd

@ ~Uðnþ1Þ
x ; ~UðnÞx


 �
0
@

1
A

l;m;j

8><
>:

9>=
>;

0
B@

1
CA
1
CA ¼ 0
is satisfied. Then
1
Dt
ðHðnþ1Þ � HðnÞÞ ¼

XN

j¼0

wj

Uðnþ1Þ
j � UðnÞj

Dt

 !
dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
j

: ð35Þ
Proof. By (31) and (32) we obtain
1
Dt

Hðnþ1Þ � HðnÞ

 �

¼ 1
Dt

XN

j¼0

XK

l¼1

wj fl Uðnþ1Þ
j


 � 1
Ml

XMl

m¼1

gl ðxnÞ�1
l;m;jdl;mUðnþ1Þ

j


 � !
� fl UðnÞj


 � 1
Ml

XMl

m¼1

glððxnÞ�1
l;m;jdl;mUðnÞj Þ

 ! !

¼
XN

j¼0

XK

l¼1

wj

Ml

XMl

m¼1

Uðnþ1Þ
j � UðnÞj

Dt

 !
@Gd

@ ~Uðnþ1Þ; ~UðnÞ

 �

0
@

1
A

l;m;j

0
B@

þ ðxnÞ�1
l;m;jdl;m

Uðnþ1Þ
j � UðnÞj

Dt

 ! !
@Gd

@ð~Uðnþ1Þ
x ; ~UðnÞÞx

 !
l;m;j

1
A:
Applying Lemma 8, we obtain
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¼
XN

j¼0

XK

l¼1

wj

Ml

XMl

m¼1

Uðnþ1Þ
j � UðnÞj

Dt

 !
@Gd

@ð~Uðnþ1Þ; ~UðnÞÞ

 !
l;m;j

�w�1
j d�l;m ðxnÞ�1

l;m;jwj
@Gd

@ð~Uðnþ1Þ
x ; ~UðnÞÞx

 !
l;m;j

0
@

1
A

0
@

1
A

¼
XN

j¼0

wj

Uðnþ1Þ
j � UðnÞj

Dt

 !
dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
j

: �
2.4. Design of schemes for the dissipative equations

As is usual in the discrete variational method, we design schemes so that they correspond to (13) for the dissipative equa-
tions and to (14) for the conservative equations. Defining the schemes in this way allows us to obtain the dissipative/con-
servative property in almost the same way as Section 2.1.

We define the scheme for the dissipative equation (13) by
Uðnþ1Þ
j � UðnÞj

Dt
¼ � �w�1

j d�s


 �
�ðxnÞ�1

s;j d�s�1


 �
� � � �ðxnÞ�1

2;j d
�
1


 �
ðxnÞ�1

1;j wjðxnÞ�1
1;j d1


 �
ðxnÞ�1

2;j d2


 �
� � � ðxnÞ�1

s�1;jds�1


 �
ðxnÞ�1

s;j ds


 �

� dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
j

: ð36Þ
ðxnÞm;j and dm ðm ¼ 1; . . . ; sÞ are arbitrarily chosen depending on, for example, the accuracy of the scheme. For this scheme,
we claim a discrete counterpart of Theorem 4.

Theorem 10. Let wj’s be positive. Let UðnÞj be a numerical solution of the scheme (36) under the boundary condition that satisfies
the assumption of Lemma 9 , and
lðþ;ds�pþ1 ;wjÞ ðxnÞ�1
s�pþ1;jd

�
s�p


 �
� � � ðxnÞ�1

2;j d
�
1


 �
ðxnÞ�1

1;j wjðxnÞ�1
1;j d1


 �
ðxnÞ�1

2;j d2


 �
� � � ðxnÞ�1

s�1;jds�1


 �
ðxnÞ�1

s;j ds


 �


� dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
j

; ðxnÞ�1
s�pþ2;jds�pþ2 � � � ðxnÞ�1

s;j ds
dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
j

1
A

þ lð�;ds�pþ1 ;wjÞ ðxnÞ�1
s�pþ1;jd

�
s�p


 �
� � � ðxnÞ�1

2;j d
�
1


 �
ðxnÞ�1

1;j wjðxnÞ�1
1;j d1


 �
ðxnÞ�1

2;j d2


 �
� � � ðxnÞ�1

s�1;jds�1


 �
ðxnÞ�1

s;j ds


 �


dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
j

; ðxnÞ�1
s�pþ2;jds�pþ2 � � � ðxnÞ�1

s;j ds
dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
j

1
A ¼ 0 ðp ¼ 1; . . . ; sÞ;
if s P 1. Then
1
Dt
ðHðnþ1Þ � HðnÞÞ 6 0: ð37Þ
Proof. This theorem is proved in almost the same way as Theorem 4. By Lemma 9, we have
1
Dt
ðHðnþ1Þ � HðnÞÞ ¼

XN

j¼0

wj

Uðnþ1Þ
j � UðnÞj

Dt

 !
dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
j

:

Substituting scheme (36) and application of the summation by parts in Lemma 8 give
¼�
XN

j¼0

wj �w�1
j d�s


 �
�ðxnÞ�1

s;j d�s�1


 �
� � � �ðxnÞ�1

2;j d
�
1


 �
ðxnÞ�1

1;j wjðxnÞ�1
1;j d1


 �
� � � ðxnÞ�1

s;j ds


 � dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
j

8<
:

9=
; dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
j

¼�
XN

j¼0

wj �ðxnÞ�1
s;j d�s�1


 �
� � � �ðxnÞ�1

2;j d
�
1


 �
ðxnÞ�1

1;j wjðxnÞ�1
1;j d1


 �
� � � ðxnÞ�1

s;j ds


 � dG d

dð~Uðnþ1Þ;~UðnÞÞ

 !
j

8<
:

9=
; w�1

j ds
dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
j

8<
:

9=
;

¼�
XN

j¼0

wj �w�1
j d�s�1


 �
� � � �ðxnÞ�1

2;j d
�
1


 �
ðxnÞ�1

1;j wjðxnÞ�1
1;j d1


 �
� � � ðxnÞ�1

s;j ds


 � dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
j

8<
:

9=
; ðxnÞ�1

s;j ds
dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
j

8<
:

9=
;:
We continue in this fashion to obtain
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¼�
XN

j¼0

wj �w�1
j d�s�2


 �
� � � �ðxnÞ�1

2;j d
�
1


 �
ðxnÞ�1

1;j wjðxnÞ�1
1;j d1


 �
� � � ðxnÞ�1

s;j ds


 � dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
j

8<
:

9=
;

ðxnÞ�1
s�1;jds�1


 �
ðxnÞ�1

s;j ds


 � dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
j

8<
:

9=
;

..

.

¼�
XN

j¼0

wj �w�1
j d�1


 �
ðxnÞ�1

1;j wjðxnÞ�1
1;j d1


 �
� � � ðxnÞ�1

s;j ds


 � dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
j

8<
:

9=
; ðxnÞ�1

2;j d2


 �
� � � ðxnÞ�1

s;j ds


 � dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
j

8<
:

9=
;

¼�
XN

j¼0

wj ðxnÞ�1
1;j wjðxnÞ�1

1;j d1


 �
� � � ðxnÞ�1

s;j ds


 � dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
j

8<
:

9=
; w�1

j d1


 �
ðxnÞ�1

2;j d2


 �
� � � ðxnÞ�1

s;j ds


 � dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
j

8<
:

9=
;

¼�
XN

j¼0

wj ðxnÞ�1
1;j d1


 �
� � � ðxnÞ�1

s;j ds


 � dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
j

8<
:

9=
;

2

6 0: �
2.5. Design of schemes for the conservative equations

We define the scheme for the conservative equation (14) by
Uðnþ1Þ
j � UðnÞj

Dt
¼ w�1

j d�s


 �
ðxnÞ�1

s;j d�s�1


 �
� � � ðxnÞ�1

2;j d
�
1


 �
ðxnÞ�1

1;j dc


 �
ðxnÞ�1

1;j d1


 �
� � � ðxnÞ�1

s�1;jds�1


 �
ðxnÞ�1

s;j ds


 � dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
j

:

ð38Þ
dc is the central difference operator. ðxnÞm;j and dm ðm ¼ 1; . . . ; sÞ can be chosen arbitrarily. We claim a discrete counterpart of
Theorem 5 for this scheme.

Theorem 11. Let UðnÞj be a numerical solution of the scheme (38) under the boundary condition that satisfies the assumption of
Lemma 9 and
lðþ;dc ;wjÞ ðxnÞ�1
1;j d1


 �
� � � ðxnÞ�1

s;j ds


 � dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
j

8<
:

9=
;; ðxnÞ�1

1;j d1


 �
� � � ðxnÞ�1

s;j ds


 � dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
j

8<
:

9=
;

0
@

1
A

þlð�;dc ;wjÞ ðxnÞ�1
1;j d1


 �
� � � ðxnÞ�1

s;j ds


 � dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
j

8<
:

9=
;; ðxnÞ�1

1;j d1


 �
� � � ðxnÞ�1

s;j ds


 � dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
j

8<
:

9=
;

0
@

1
A¼ 0: ð39Þ
We also assume that
lðþ;ds�pþ1 ;wjÞ ðxnÞ�1
s�pþ1;kd

�
s�p


 �
ðxnÞ�1

s�p;kd
�
s�p�1


 �
� � � ðxnÞ�1

2;kd
�
1


 �
ðxnÞ�1

1;kdc


 �
ðxnÞ�1

1;kd1


 �
� � � ðxnÞ�1

s;k ds


 � dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
k

( )
;

 

ðxnÞ�1
s�pþ2;jds�pþ2


 �
� � � ðxnÞ�1

s;j ds


 � dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
j

8<
:

9=
;
1
A

þ lð�;ds�pþ1 ;wjÞ ðxnÞ�1
s�pþ1;kd

�
s�p


 �
ðxnÞ�1

s�p;kd
�
s�p�1


 �
� � � ðxnÞ�1

2;kd
�
1


 �
ðxnÞ�1

1;kdc


 �
ðxnÞ�1

1;kd1


 �
� � � ðxnÞ�1

s;k ds


 �n

dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
k

)
; ðxnÞ�1

s�pþ2;jds�pþ2 � � � ðxnÞ�1
s;j ds

dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
j

8<
:

9=
;
1
A ¼ 0 ðp ¼ 1; . . . ; sÞ;
if s P 1. Then
1
Dt
ðHðnþ1Þ � HðnÞÞ ¼ 0: ð40Þ
Proof. This theorem is proved in almost the same way as Theorem 5. By Lemma 9, we have
1
Dt
ðHðnþ1Þ � HðnÞÞ ¼

XN

j¼0

wj

Uðnþ1Þ
j � UðnÞj

Dt

 !
dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
j
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Substituting scheme (38) and application of the summation by parts in Lemma 8 give
¼
XN

j¼0

wj w�1
j d�s


 �
ðxnÞ�1

s;j d�s�1


 �
� � � ðxnÞ�1

2;j d
�
1


 �
ðxnÞ�1

1;j dc


 �
ðxnÞ�1

1;j d1


 �
� � � ðxnÞ�1

s;j ds


 � dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
j

8<
:

9=
; dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
j

¼�
XN

j¼0

wj ðxnÞ�1
s;j d�s�1


 �
� � � ðxnÞ�1

2;j d
�
1


 �
ðxnÞ�1

1;j dc


 �
ðxnÞ�1

1;j d1


 �
� � � ðxnÞ�1

s;j ds


 � dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
j

8<
:

9=
; w�1

j ds


 � dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
j

8<
:

9=
;

¼�
XN

j¼0

wj w�1
j d�s�1


 �
� � � ðxnÞ�1

2;j d
�
1


 �
ðxnÞ�1

1;j dc


 �
ðxnÞ�1

1;j d1


 �
� � � ðxnÞ�1

s;j ds


 � dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
j

8<
:

9=
; ðxnÞ�1

s;j ds


 � dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
j

8<
:

9=
;:
We continue in this fashion to obtain
¼ ð�1Þ2
XN

j¼0

wj w�1
j d�s�2


 �
� � � ðxnÞ�1

2;j d
�
1


 �
ðxnÞ�1

1;j dc


 �
ðxnÞ�1

1;j d1


 �
� � � ðxnÞ�1

s;j ds


 � dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
j

8<
:

9=
;

ðxnÞ�1
s�1;jds�1


 �
ðxnÞ�1

s;j ds


 � dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
j

8<
:

9=
;

..

.

¼ ð�1Þs
XN

j¼0

wj w�1
j dc


 �
ðxnÞ�1

1;j d1


 �
� � � ðxnÞ�1

s;j ds


 � dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
j

8<
:

9=
; ðxnÞ�1

1;j d1


 �
� � � ðxnÞ�1

s;j ds


 � dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
j

8<
:

9=
;

¼ ð�1Þsþ1
XN

j¼0

wj ðxnÞ�1
1;j d1


 �
� � � ðxnÞ�1

s;j ds


 � dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
j

8<
:

9=
; w�1

j d�c


 �
ðxnÞ�1

1;j d1


 �
� � � ðxnÞ�1

s;j ds


 � dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
j

8<
:

9=
;:
Since d�c ¼ dc, we have
¼ ð�1Þsþ1
XN

j¼0

wj ðxnÞ�1
1;j d1


 �
� � � ðxnÞ�1

s;j ds


 � dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
j

8<
:

9=
; w�1

j dc


 �
ðxnÞ�1

1;j d1


 �
� � � ðxnÞ�1

s;j ds


 � dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
j

8<
:

9=
;

¼ 0: �
Remark 5. Generally, schemes (36) and (38) yield a nonlinear system and hence a numerical solver is required. Although
this increases the computational costs from naive schemes more than a little, the quasi-Newton methods solve the equations
within a realistic time (see the numerical examples below). If more efficient methods are preferable, conservative/dissipative
linearly implicit schemes can be constructed by modification of these schemes in a similar manner to [18].

Remark 6. Although properties such as existence, uniqueness, stability and convergence of the numerical solutions are not
ensured here, they have been investigated for some specific PDEs in the case of uniform meshes (e.g. [9,10]). Therefore, the
same results are expected to be obtained in a similar way for the case of nonuniform meshes.
3. An example in the one-dimensional case

In this section, we show an example for the KdV equation
ut þ uux þ c2uxxx ¼ 0: ð41Þ
It is well known that this equation can be written in the following form
ut ¼
@

@x
dG
du
; Gðu;uxÞ ¼ �

1
6

u3 � c2

2
u2

x : ð42Þ
3.1. An energy conservative scheme for the KdV equation

The energy functional Gðu;uxÞ is written in the form of (27) with K ¼ 2 and
f1ðuÞ ¼ �
1
6

u3; f 2ðuÞ ¼ 1; g1ðuxÞ ¼ 1; g2ðuxÞ ¼ �
c2

2
u2

x :
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The discrete energy functional is introduced so that it corresponds to these. First, on the given nonuniform mesh, we
introduce
ðxn;þÞj :¼ xðjþ 1Þ � xðjÞ; ðxn;�Þj :¼ xðjÞ � xðj� 1Þ; wj :¼ xðjþ 1Þ � xðj� 1Þ
2

:

For l ¼ 1, we set M1 ¼ 1 and approximate the term f1ðuÞg1ðuxÞ by
f1ðuÞg1ðuxÞ ¼ �
1
6

u3 ’ �1
6

1
M1

UðnÞj


 �3
:

With g1ðuxÞ ¼ 1, the differential operator is not included in this term. Therefore, the definitions of ðxnÞ1;1;j and d1;1 do not af-
fect the definition of the scheme, and so we formally define them by ðxnÞ1;1;j ¼ ðxn;þÞj; d1;1 ¼ dþ.

The term that corresponds to l ¼ 2 includes the differential operator. It is approximated using the average of the value
from the forward difference dþ and that from the backward difference d�. For this reason, we set M2 ¼ 2 and
f2ðuÞg2ðuxÞ ¼ �
c2

2
u2

x ’ �
c2

2
1

M2

1
ðxn;þÞj

dþUðnÞj

 !2

þ 1
ðxn;�Þj

d�UðnÞj

 !2
0
@

1
A;
which gives
ðxnÞ2;1;j ¼ ðxn;þÞj; d2;1 ¼ dþ; ðxnÞ2;2;j ¼ ðxn;�Þj; d2;2 ¼ d�:
The discrete variational derivative is defined by (30)–(32):
dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
j

¼
X2

l¼1

1
Ml

XMl

m¼1

@Gd

@ð~Uðnþ1Þ; ~UðnÞÞ

 !
l;m;j

�w�1
j d�l;m ðxnÞ�1

l;m;jwj
@Gd

@ ~Uðnþ1Þ
x ; ~UðnÞx


 �
0
@

1
A

l;m;j

0
B@

1
CA

0
B@

1
CA;

@Gd

@ð~Uðnþ1Þ; ~UðnÞÞ

 !
1;1;j

¼ �1
6

Uðnþ1Þ
j


 �3
� UðnÞj


 �3

Uðnþ1Þ
j � UðnÞj

¼ �
Uðnþ1Þ

j


 �2
þ Uðnþ1Þ

j UðnÞj þ UðnÞj


 �2

6
;

@Gd

@ ~Uðnþ1Þ
x ; ~UðnÞx


 �
0
@

1
A

1;1;j

¼ �1
6

Uðnþ1Þ
j


 �3
þ UðnÞj


 �3

2

0
B@

1
CA 1� 1

ðxnÞ�1
1;1;jd1;1Uðnþ1Þ

j � ðxnÞ�1
1;1;jd1;1UðnÞj

 !
¼ 0;

@Gd

@ð~Uðnþ1Þ; ~UðnÞÞ

 !
2;1;j

¼ � c2

2
1� 1

Uðnþ1Þ
j � UðnÞj

 ! ðxnÞ�1
2;1;jd2;1Uðnþ1Þ

j


 �2
þ ðxnÞ�1

2;1;jd2;1UðnÞj


 �2

2

0
B@

1
CA ¼ 0;
@Gd

@ ~Uðnþ1Þ
x ; ~UðnÞx


 �
0
@

1
A

2;1;j

¼ � c2

2
1þ 1

2

� � ðxnÞ�1
2;1;jd2;1Uðnþ1Þ

j


 �2
� ðxnÞ�1

2;1;jd2;1UðnÞj


 �2

ðxnÞ�1
2;1;jd2;1Uðnþ1Þ

j � ðxnÞ�1
2;1;jd2;1UðnÞj

0
B@

1
CA ¼ � c2

2
ðxn;þÞ�1

j dþ Uðnþ1Þ
j þ UðnÞj


 �
;

@Gd

@ð~Uðnþ1Þ; ~UðnÞÞ

 !
2;2;j

¼ � c2

2
1� 1

Uðnþ1Þ
j � UðnÞj

 ! ðxnÞ�1
2;2;jd2;2Uðnþ1Þ

j


 �2
þ ðxnÞ�1

2;2;jd2;2UðnÞj


 �2

2

0
B@

1
CA ¼ 0;
@Gd

@ ~Uðnþ1Þ
x ; ~UðnÞx


 �
0
@

1
A

2;2;j

¼ � c2

2
1þ 1

2

� � ðxnÞ�1
2;2;jd2;2Uðnþ1Þ

j


 �2
� ðxnÞ�1

2;2;jd2;2UðnÞj


 �2

ðxnÞ�1
2;2;jd2;2Uðnþ1Þ

j � ðxnÞ�1
2;2;jd2;2UðnÞj

0
B@

1
CA ¼ � c2

2
ðxn;�Þ�1

j d� Uðnþ1Þ
j þ UðnÞj


 �
:

The scheme is defined by (38) with s ¼ 0
Uðnþ1Þ
j � UðnÞj

Dt
¼ w�1

j dc
dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
j

:







T. Yaguchi et al. / Journal of Computational Physics 229 (2010) 4382–4423 4401
where n ¼ ðn1;n2Þ> is the unit normal vector to the boundary and ds is the area element. Suppose also that
Z
@X

dG
du
r dG

du
� n

� �
ds ¼ 0 ð46Þ
if s ¼ 1. Then the solutions of (44) have the dissipation property:
dH
dt
6 0; HðtÞ ¼

Z
X

Gðu;ux;uyÞdxdy:
The conservative equations that correspond to (5) become
@u
@t
¼ @

@x
þ @

@y

� �
dG
du
; ðt; x; yÞ 2 ð0;1Þ�X: ð47Þ
Theorem 13. Suppose that the boundary condition satisfies
Z
@X

@u
@t

@G
@ux

;
@G
@uy

� �>
� nds ¼ 0;

Z
@X

dG
du

� �2

ðn1 þ n2Þds ¼ 0; ð48Þ
where n ¼ ðn1;n2Þ> is the unit normal vector to the boundary and ds is the area element. Then the solutions of (47) have the con-
servation property:
dH
dt
¼ 0; HðtÞ ¼

Z
X

Gðu; ux;uyÞdxdy: ð49Þ
We show ‘‘the variational structure” of these equations:

Lemma 14. Suppose that a solution of (44) or (47) satisfies the condition
Z
@X

@u
@t

@G
@ux

;
@G
@uy

� �>
� nds ¼ 0: ð50Þ
Then
dH
dt
¼
Z

X

@u
@t

dG
du

dxdy: ð51Þ
Proof. By the Gauss theorem, we have
dH
dt
¼ d

dt

Z
X

Gðu; ux; uyÞdxdy ¼
Z

X

@G
@u

@u
@t
þ @G
@ux

@ux

@t
þ @G
@uy

@uy

@t

� �
dxdy

¼
Z

X

@G
@u
� @

@x
@G
@ux
� @

@y
@G
@uy

� �
@u
@t

dxdyþ
Z
@X

@u
@t

@G
@ux

;
@G
@uy

� �>
� nds ¼

Z
X

dG
du

@u
@t

dxdy: �
Proof of Theorem 12. Applying Lemma 14 gives
dH
dt
¼
Z

X

dG
du

@u
@t

dxdy:
In the case where s ¼ 0, substituting the equation yields
Z
X

dG
du

@u
@t

dxdy ¼ �
Z

X

dG
du

� �2

dxdy 6 0:
In the case where s ¼ 1, applying the Gauss theorem one more time gives
Z
X

dG
du

@u
@t

dxdy ¼
Z

X

dG
du

� �
@2

@x2 þ
@2

@y2

 !
dG
du

 !
dxdy ¼ �

Z
X

@

@x
þ @

@y

� �
dG
du

� �2

dxdyþ
Z
@X

dG
du
r dG

du
� n

� �
ds

¼ �
Z

X

@

@x
þ @

@y

� �
dG
du

� �2

dxdy 6 0: �
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Proof of Theorem 13. Applying Lemma 14 gives
dH
dt
¼
Z

X

dG
du

@u
@t

dxdy:
Substituting the equation and applying the Gauss theorem yield
¼
Z

X

dG
du

� �
@

@x
þ @

@y

� �
dG
du

� �
dxdy

¼ �
Z

X

@

@x
þ @

@y

� �
dG
du

� �
dG
du

� �
dxdyþ

Z
@X

dG
du

� �2

ðn1 þ n2Þds

¼ �
Z

X

@

@x
þ @

@y

� �
dG
du

� �
dG
du

� �
dxdy;
and hence
d
dt

Z
X

Gðu;ux;uyÞdxdy ¼ 0: �
4.2. The dissipation/conservation properties in the computational space

In this section, we extend the discrete variational method to multidimensional nonuniform grids, such as that shown in
Fig. 5. We assume that the number of nodes is ðN þ 1Þ � ðM þ 1Þ. As in the one-dimensional case, we use the mapping meth-
od. Firstly, we describe the proofs of the conservation/dissipation properties in the computational space with the coordinates
ðn;gÞ, and then define the discrete variational derivative and the schemes.

In the computational space, the partial derivatives are transformed to
@v
@x
¼ J�1 @y

@g
@

@n
� @y
@n

@

@g

� �
v; @v

@y
¼ J�1 @x

@n
@

@g
� @x
@g

@

@n

� �
v ; ð52Þ
where v is a smooth function and J is the Jacobian
J ¼ det
@x
@n

@x
@g

@y
@n

@y
@g

 !
:

Note that the partial derivatives are also written as
@v
@x
¼ J�1 @

@n
@y
@g

v
� �

� @

@g
@y
@n

v
� �� �

;
@v
@y
¼ J�1 @

@g
@x
@n

v
� �

� @

@n
@x
@g

v
� �� �

; ð53Þ
since xng ¼ xgn; yng ¼ ygn.
Using these formulas, we rewrite the equations in the following forms that are suitable for the discretizations. The dis-

sipative equations (44) are transformed to
@u
@t
¼ � dG

du

� �
cs
; ð54Þ
Fig. 5. An example of nonuniform grids in R2.
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if s ¼ 0, and to
@u
@t
¼ J�1 @

@n
@y
@g

J�1 @y
@g

@

@n
� @y
@n

@

@g

� �
dG
du

� �
cs

� �� �
� @

@g
@y
@n

J�1 @y
@g

@

@n
� @y
@n

@

@g

� �
dG
du

� �
cs

� �� �� 	

þ J�1 @

@g
@x
@n

J�1 @x
@n

@

@g
� @x
@g

@

@n

� �
dG
du

� �
cs

� �� �
� @

@n
@x
@g

J�1 @x
@n

@

@g
� @x
@g

@

@n

� �
dG
du

� �
cs

� �� �� 	
; ð55Þ
if s ¼ 1. The conservative equation (47) are transformed to
@u
@t
¼ 1

2
J�1 @y

@g
@

@n
� @y
@n

@

@g

� �
dG
du

� �
cs
þ J�1 @x

@n
@

@g
� @x
@g

@

@n

� �
dG
du

� �
cs

� 	
þ J�1 @

@n
@y
@g

dG
du

� �
cs

� �
� @

@g
@y
@n

dG
du

� �
cs

� �� ���

þJ�1 @

@g
@x
@n

dG
du

� �
cs

� �
� @

@n
@x
@g

dG
du

� �
cs

� �� �	�
: ð56Þ
ðdG=duÞcs is the transformed variational derivative
dG
du

� �
cs

:¼ @G
@u
� J�1 @

@n
@y
@g

@G
@ux

� �
� @

@g
@y
@n

@G
@ux

� �� �
þ J�1 @

@g
@x
@n

@G
@uy

� �
� @

@n
@x
@g

@G
@uy

� �� �� �
: ð57Þ
Theorems 12 and 13 are transformed to the following.

Theorem 15. Suppose that the boundary condition satisfies
Z M

0

@u
@t

dG
dux

@y
@g
� dG

duy

@x
@g

� �
dg

� �n¼N

n¼0

þ
Z N

0

@u
@t

dG
dux

@y
@n
� dG

duy

@x
@n

� �
dn

� �g¼0

g¼M

¼ 0: ð58Þ
Suppose also that
Z M

0

dG
du

� �
cs

J�1 @y
@g

@

@n
� @y
@n

@

@g

� �
dG
du

� �
cs

@y
@g
� J�1 @x

@n
@

@g
� @x
@g

@

@n

� �
dG
du

� �
cs

@x
@g

� �
dg

� �n¼N

n¼0

þ
Z N

0

dG
du

� �
cs

J�1 @y
@g

@

@n
� @y
@n

@

@g

� �
dG
du

� �
cs

@y
@n
� J�1 @x

@n
@

@g
� @x
@g

@

@n

� �
dG
du

� �
cs

@x
@n

� �
dn

� �g¼0

g¼M

¼ 0; ð59Þ
if s ¼ 1. Then the solutions of (54) or (55) have the dissipation property:
dHcs

dt
6 0; HcsðtÞ ¼

Z g¼M

g¼0

Z n¼N

n¼0
Gðu;ux;uyÞJ dndg:
Theorem 16. Suppose that the boundary condition satisfies
Z M

0

@u
@t

dG
dux

@y
@g
� dG

duy

@x
@g

� �
dg

� �n¼N

n¼0

þ
Z N

0

@u
@t

dG
dux

@y
@n
� dG

duy

@x
@n

� �
dn

� �g¼0

g¼M

¼ 0;
Z M

0

dG
du

� �2

cs

@y
@g
� @x
@g

� �
dg

" #n¼N

n¼0

þ
Z N

0

dG
du

� �2

cs

@y
@n
� @x
@n

� �
dn

" #g¼0

g¼M

¼ 0: ð60Þ
Then the solutions of (56) have the conservation property:
dHcs

dt
¼ 0; HcsðtÞ ¼

Z g¼M

g¼0

Z n¼N

n¼0
Gðu; ux;uyÞJ dndg:
Remark 7. Conditions (59) and (60) in the computational space correspond to the conditions (46) and (48) in the real space,
respectively. The curves that are defined by n ¼ ðconst:Þ or g ¼ ðconst:Þ form the boundary @X. Moreover, ds ¼ �dg and
n ¼ �ð@y=@g;�@x=@gÞ> on n ¼ ðconst:Þ, and ds ¼ �dn and n ¼ �ð@y=@n;�@x=@nÞ> on g ¼ ðconst:Þ, which show the equiva-
lence between them.

For the proofs of these theorems, we prepare the Gauss theorem transformed to the computational space.

Lemma 17. Let u; v1; v2 be smooth functions that satisfy
Z M

0
u v1

@y
@g
� v2

@x
@g

� �
dg

� �n¼N

n¼0
þ
Z N

0
u v1

@y
@n
� v2

@x
@n

� �
dn

� �g¼0

g¼M
¼ 0: ð61Þ
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Then
 Z g¼M

g¼0

Z n¼N

n¼0
v1J�1 @y

@g
@

@n
� @y
@n

@

@g

� �
uþ v2J�1 @x

@n
@

@g
� @x
@g

@

@n

� �
u

� �
J dndg

¼ �
Z g¼M

g¼0

Z n¼N

n¼0
u J�1 @

@n
@y
@g

v1

� �
� @

@g
@y
@n

v1

� �� �
þ J�1 @

@g
@x
@n

v2

� �
� @

@n
@x
@g

v2

� �� �� �
J dndg:
Proof. We can obtain this lemma by application of the integration by parts in the n and the g directions. In fact,
Z g¼M

g¼0

Z n¼N

n¼0
v1J�1 @y

@g
@

@n
� @y
@n

@

@g

� �
uþ v2J�1 @x

@n
@

@g
� @x
@g

@

@n

� �
u

� �
J dndg

¼
Z g¼M

g¼0

Z n¼N

n¼0
v1

@y
@g

@

@n
� @y
@n

@

@g

� �
uþ v2

@x
@n

@

@g
� @x
@g

@

@n

� �
u

� �
dndg

¼ �
Z g¼M

g¼0

Z n¼N

n¼0
u
@

@n
@y
@g

v1

� �
dndgþ

Z M

0

@y
@g

uv1dg
� �n¼N

n¼0

þ
Z g¼M

g¼0

Z n¼N

n¼0
u
@

@g
@y
@n

v1

� �
dndg�

Z N

0

@y
@n

uv1dn

� �g¼M

g¼0

�
Z g¼M

g¼0

Z n¼N

n¼0
u
@

@g
@x
@n

v2

� �
dndgþ

Z N

0

@x
@n

uv2dn

� �g¼M

g¼0

þ
Z g¼M

g¼0

Z n¼N

n¼0
u
@

@n
@x
@g

v2

� �
dndg�

Z M

0

@x
@g

uv2dg
� �n¼N

n¼0

¼ �
Z g¼M

g¼0

Z n¼N

n¼0
u J�1 @

@n
@y
@g

v1

� �
� @

@g
@y
@n

v1

� �� �
þ J�1 @

@g
@x
@n

v2

� �
� @

@n
@x
@g

v2

� �� �� �
J dndg

þ
Z M

0
u v1

@y
@g
� v2

@x
@g

� �
dg

� �n¼N

n¼0
þ
Z N

0
u v1

@y
@n
� v2

@x
@n

� �
dn

� �g¼0

g¼M

¼ �
Z g¼M

g¼0

Z n¼N

n¼0
u J�1 @

@n
@y
@g

v1

� �
� @

@g
@y
@n

v1

� �� �
þ J�1 @

@g
@x
@n

v2

� �
� @

@n
@x
@g

v2

� �� �� �
J dndg: �
Next, we transform Lemma 14.

Lemma 18. Suppose that a solution of (44) or (47) satisfies the condition
Z M

0
ut

dG
dux

@y
@g
� dG

duy

@x
@g

� �
dg

� �n¼N

n¼0

þ
Z N

0
ut

dG
dux

@y
@n
� dG

duy

@x
@n

� �
dn

� �g¼0

g¼M

¼ 0:
Then
dH
dt
¼
Z g¼M

g¼0

Z n¼N

n¼0

@u
@t

dG
du

� �
cs

J dndg: ð62Þ
Proof. By the chain rule, we have
dH
dt
¼ d

dt

Z
X

Gdxdy ¼
Z

X

@G
@u

@u
@t
þ @G
@ux

@ux

@t
þ @G
@uy

@uy

@t

� �
dxdy

¼
Z g¼M

g¼0

Z n¼N

n¼0

@G
@u

@u
@t

J dndgþ
Z g¼M

g¼0

Z n¼N

n¼0

@G
@ux

J�1 @y
@g

@ut

@n
� @y
@n

@ut

@g

� �
þ @G
@uy

J�1 @x
@n

@ut

@g
� @x
@g

@ut

@n

� �� �
J dndg: ð63Þ
By applying the transformed Gauss theorem shown in Lemma 17, we obtain
¼
Z g¼M

g¼0

Z n¼N

n¼0

@G
@u

@u
@t

Jdndg�
Z g¼M

g¼0

Z n¼N

n¼0

@u
@t

J�1 @

@n
@y
@g

@G
@ux

� �
� @

@g
@y
@n

@G
@ux

� �� �
þ J�1 @

@g
@x
@n

@G
@uy

� �
� @

@n
@x
@g

@G
@uy

� �� �� 	
Jdndg

¼
Z g¼M

g¼0

Z n¼N

n¼0

@u
@t

@G
@u
� J�1 @

@n
@y
@g

@G
@ux

� �
� @

@g
@y
@n

@G
@ux

� �� �
þ J�1 @

@g
@x
@n

@G
@uy

� �
� @

@n
@x
@g

@G
@uy

� �� �� �� 	
Jdndg

¼
Z g¼M

g¼0

Z n¼N

n¼0

@u
@t

dG
du

� �
cs

Jdndg: �
Now we can prove Theorems 15 and 16.
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Proof of Theorem 15. By Lemma 18, we have
dH
dt
¼
Z g¼M

g¼0

Z n¼N

n¼0

@u
@t

dG
du

� �
cs

J dndg: ð64Þ
In the case of s ¼ 0, substituting Eq. (54) yields
ð64Þ ¼ �
Z g¼M

g¼0

Z n¼N

n¼0

dG
du

� �2

cs
J dndg 6 0:
In the case of s ¼ 1, substituting Eq. (55) and applying the Gauss theorem in the form of Lemma 17 yield
ð64Þ ¼
Z g¼M

g¼0

Z n¼N

n¼0
J�1 @

@n
@y
@g

J�1 @y
@g

@

@n
� @y
@n

@

@g

� �
dG
du

� �
cs

� �� �
� @

@g
@y
@n

J�1 @y
@g

@

@n
� @y
@n

@

@g

� �
dG
du

� �
cs

� �� �� 	�

þJ�1 @

@g
@x
@n

J�1 @x
@n

@

@g
� @x
@g

@

@n

� �
dG
du

� �
cs

� �� �
� @

@n
@x
@g

J�1 @x
@n

@

@g
� @x
@g

@

@n

� �
dG
du

� �
cs

� �� �� 	�
dG
du

� �
cs

J dndg

¼ �
Z g¼M

g¼0

Z n¼N

n¼0
J�1 @y

@g
@

@n
� @y
@n

@

@g

� �
dG
du

� �
cs

� �2

þ J�1 @x
@n

@

@g
� @x
@g

@

@n

� �
dG
du

� �
cs

� �2
( )

J dndg 6 0: �
Proof of Theorem 16. Applying Lemma 18 we have
dH
dt
¼
Z g¼M

g¼0

Z n¼N

n¼0

@u
@t

dG
du

� �
cs

J dndg:
Substituting Eq. (56) yields
¼
Z g¼M

g¼0

Z n¼N

n¼0

1
2

J�1 @y
@g

@

@n
� @y
@n

@

@g

� �
dG
du

� �
cs
þ J�1 @x

@n
@

@g
� @x
@g

@

@n

� �
dG
du

� �
cs

� 	�

� J�1 @

@n
@y
@g

dG
du

� �
cs

� �
� @

@g
@y
@n

dG
du

� �
cs

� �� �
þ J�1 @

@g
@x
@n

dG
du

� �
cs

� �
� @

@n
@x
@g

dG
du

� �
cs

� �� �� 	�
dG
du

� �
cs

J dndg:
Application of Lemma 17 yields
¼ �
Z g¼M

g¼0

Z n¼N

n¼0

1
2

J�1 @

@n
@y
@g

dG
du

� �
cs

� �
� @

@g
@y
@n

dG
du

� �
cs

� �� �
þ J�1 @

@g
@x
@n

dG
du

� �
cs

� �
� @

@n
@x
@g

dG
du

� �
cs

� �� �� 	�

þ J�1 @y
@g

@

@n
� @y
@n

@

@g

� �
dG
du

� �
cs
þ J�1 @x

@n
@

@g
� @x
@g

@

@n

� �
dG
du

� �
cs

� 	�
dG
du

� �
cs

J dndg;
and hence, this equals 0. h
4.3. The discrete Gauss theorem on multidimensional nonuniform grids

In this section, we provide a discrete counterpart of the Gauss theorem. As is seen in the Proof of Lemma 17, the Gauss
theorem in the computational space is obtained simply by applying the integration by parts in the n and g directions. There-
fore, the discrete Gauss theorem is obtained by applying the summation by parts in each direction.

First, similarly to the one-dimensional case, we introduce a boundary term operator to simplify notation.

Definition 4. Let dn and dg be finite difference operators in the n and g directions, respectively:
dnUi;j ¼
Xa

k¼�a

akUiþk;j; dgUi;j ¼
Xb

k¼�b

bkUi;jþk:
We define ~ai;k; ~a�i;k;
~bj;k and ~b�j;k by
~ai;k ¼
a�iþk ðk ¼ i� a; i� aþ 1; . . . ; iþ a� 1; iþ aÞ;
0 ðotherwiseÞ;

�
a�i;k ¼ �ak;i;

~bj;k ¼
b�jþk ðk ¼ j� b; j� bþ 1; . . . ; jþ b� 1; jþ bÞ;
0 ðotherwiseÞ;

�
b�j;k ¼ �bk;j:
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For Ui;j; V1;i;j and V2;i;j, we define a boundary term operator lð@X;dn ;dg ;xn ;xg ;yn ;ygÞðfUi;jg; fV1;i;jg; fV2;i;jgÞ by
lð@X;dn ;dg ;xn ;xg ;yn ;ygÞðfUi;jg; fV1;i;jg; fV2;i;jgÞ :¼
XM

j¼0

XN

i¼N�aþ1

XNþa

k¼Nþ1

wi;jUi;j w�1
i;j ðygÞi;j~ai;kV1;k;j �w�1

i;j ðxgÞi;j~ai;kV2;k;j


 �

þ
XM

j¼0

Xa�1

i¼0

X�1

k¼�a

wi;jUi;j w�1
i;j ðygÞi;j~ai;kV1;k;j �w�1

i;j ðxgÞi;j~ai;kV2;k;j


 �

þ
XN

i¼0

XM

j¼M�bþ1

XMþb

k¼Mþ1

wi;jUi;j w�1
i;j ðxnÞi;j~bj;kV2;i;k �w�1

i;j ðynÞi;j~bj;kV1;i;k


 �

þ
XN

i¼0

Xb�1

j¼0

X�1

k¼�b

wi;jUi;j w�1
i;j ðxnÞi;j~bj;kV2;i;k �w�1

i;j ðynÞi;j~bj;kV1;i;k


 �

þ
XM

j¼0

XN

i¼N�aþ1

XNþa

k¼Nþ1

wi;jUk;j w�1
i;j ðygÞk;j~a�i;kV1;i;j �w�1

i;j ðxgÞk;j~a�i;kV2;i;j


 �

þ
XM

j¼0

Xa�1

i¼0

X�1

k¼�a

wi;jUk;j w�1
i;j ðygÞk;j~a�i;kV1;i;j �w�1

i;j ðxgÞk;j~a�i;kV2;i;j


 �

þ
XN

i¼0

XM

j¼M�bþ1

XMþb

k¼Mþ1

wi;jUi;k w�1
i;j ðxnÞi;k~b�j;kV2;i;j �w�1

i;j ðynÞi;k~b�j;kV1;i;j


 �

þ
XN

i¼0

Xb�1

j¼0

X�1

k¼�b

wi;jUi;k w�1
i;j ðxnÞi;k~b�j;kV2;i;j �w�1

i;j ðynÞi;k~b�j;kV1;i;j


 �
:

When Ui;j; V1;i;j and V2;i;j approximate functions u; v1 and v2, respectively, this value approximates the boundary term
(61) in the Gauss theorem.

We can now state the discrete Gauss theorem.

Lemma 19. Let dn and dg be finite difference operators in the n and g directions, respectively. Let Ui;j; V1;i;j and V2;i;j satisfy
lð@X;dn ;dg ;xn ;xg ;yn ;ygÞðfUi;jg; fV1;i;jg; fV2;i;jgÞ ¼ 0:
Then
XN

i¼0

XM

j¼0

wi;jUi;j w�1
i;j ðygÞi;jdn � ðynÞi;jdg


 �
V1;i;j þw�1

i;j ðxnÞi;jdg � ðxgÞi;jdn


 �
V2;i;j


 �

¼ �
XN

i¼0

XM

j¼0

wi;j V1;i;jw�1
i;j d�n ðygÞi;jUi;j


 �
� d�g ðynÞi;jUi;j


 �
 �
þ V2;i;jw�1

i;j d�g ðxnÞi;jUi;j


 �
� d�n ðxgÞi;jUi;j


 �
 �
 �
: ð65Þ
Proof. The proof is the same as Lemma 17. Application of the summation by parts in the n and g directions gives
XN

i¼0

XM

j¼0

wi;jUi;j w�1
i;j ðygÞi;jdn � ðynÞi;jdg


 �
V1;i;j þw�1

i;j ðxnÞi;jdg � ðxgÞi;jdn


 �
Vi;j


 �

¼
XM

j¼0

XN

i¼0

XN

k¼0

wi;jUi;j w�1
i;j ðygÞi;j~ai;kV1;k;j �w�1

i;j ðxgÞi;j~ai;kV2;k;j


 �
þ ðboundary term corresponding to dnÞ

þ
XN

i¼0

XM

j¼0

XM

k¼0

wi;jUi;j w�1
i;j ðxnÞi;j~bj;kV2;i;k �w�1

i;j ðynÞi;j~bj;kV1;i;k


 �
þ ðboundary term corresponding to dgÞ

¼ �
XM

j¼0

XN

k¼0

XN

i¼0

wk;jUk;j w�1
k;j ðygÞk;j~a�i;kV1;i;j �w�1

k;j ðxgÞk;j~a�i;kV2;i;j


 �
þ ðboundary term corresponding to dnÞ

�
XN

i¼0

XM

k¼0

XM

j¼0

wi;kUi;k w�1
i;k ðxnÞi;k~b�j;kV2;i;j �w�1

i;k ðynÞi;k~b�j;kV1;i;j


 �
þ ðboundary term corresponding to dgÞ

¼ �
XN

i¼0

XM

j¼0

wi;j V1;i;jw�1
i;j d�n ðygÞi;jUi;j


 �
� d�g ðynÞi;jUi;j


 �
 �
� V2;i;jw�1

i;j d�g ðxnÞi;jUi;j


 �
� d�n ðxgÞi;jUi;j


 �
 �
 �

þ boundary term corresponding to dn; d�n; dg; d�g


 �
:
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The straightforward calculation shows that the boundary term equals lð@X;dn ;dg ;xn ;xg ;yn ;ygÞðfUi;jg; fV1;i;jg; fV2;i;jgÞ. Therefore,
¼ �
XN

i¼0

XM

j¼0

wi;j V1;i;jw�1
i;j d�n ðygÞi;jUi;j


 �
� d�g ðynÞi;jUi;j


 �
 �
� V2;i;jw�1

i;j d�g ðxnÞi;jUi;j


 �
� d�n ðxgÞi;jUi;j


 �
 �
 �
: �
4.4. Definition of the discrete variational derivative

In this section, we define the discrete variational derivative on two-dimensional nonuniform meshes. Similar to one-
dimensional case, the discrete variational derivative is defined so that it approximates the transformed variational derivative
dG
du

� �
cs
¼ @G
@u
� J�1 @

@n
@y
@g

@G
@ux

� �
� @

@g
@y
@n

@G
@ux

� �� �
þ J�1 @

@g
@x
@n

@G
@uy

� �
� @

@n
@x
@g

@G
@uy

� �� �� �
:

We assume that the energy functional Gðu;ux;uyÞ is given in the next form:
Gðu;ux;uyÞ ¼
XK

l¼1

flðuÞglðuxÞhlðuyÞ; ð66Þ
where fl’s, gl’s and hl’s are differentiable functions. We define the discrete energy functional Gdð~UðnÞÞi;j by
Gdð~UðnÞÞi;j ¼
XK

l¼1

fl UðnÞi;j


 � 1
Ml

XMl

ml¼1

gl w�1
i;j ðygÞl;m;i;jdn;l;m �w�1

i;j ðynÞl;m;i;jdg;l;m


 �
UðnÞi;j


 � 

�hl w�1
i;j ðxnÞl;m;i;jdg;l;m �w�1

i;j ðxgÞl;m;i;jdn;l;m


 �
UðnÞi;j


 ��
ð67Þ
and the discrete total energy HðnÞ by
HðnÞ ¼
XN

i¼0

XM

j¼0

wi;jGdð~UðnÞÞi;j: ð68Þ
Definition 5. The discrete variational derivative of Gdð~UðnÞÞi;j is defined by
dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

¼
XK

l¼1

1
Ml

XMl

m¼1

@Gd

@ð~Uðnþ1Þ; ~UðnÞÞ

 !
l;m;i;j

�w�1
i;j d�n;l;m ðygÞl;m;i;j

@Gd

@ ~Uðnþ1Þ
x ; ~UðnÞx


 �
0
@

1
A

l;m;i;j

0
B@

1
CA

0
B@

8><
>:

�d�g;l;m ðynÞl;m;i;j
@Gd

@ ~Uðnþ1Þ
x ; ~UðnÞx


 �
0
@

1
A

l;m;i;j

0
B@

1
CA
1
CA�w�1

i;j d�g;l;m ðxnÞl;m;i;j
@Gd

@ ~Uðnþ1Þ
y ; ~UðnÞy


 �
0
@

1
A

l;m;i;j

0
B@

1
CA

0
B@

�d�n;l;m ðxgÞl;m;i;j
@Gd

@ ~Uðnþ1Þ
y ; ~UðnÞy


 �
0
@

1
A

l;m;i;j

0
B@

1
CA
1
CA
9>=
>;; ð69Þ
where
@Gd

@ð~Uðnþ1Þ; ~UðnÞÞ

 !
l;m;i;j

¼ 1
6

dfl

dð~Uðnþ1Þ; ~UðnÞÞ

 !
m;i;j

2gl w�1
i;j ðygÞl;m;i;jdn;l;m �w�1

i;j ðynÞl;m;i;jdg;l;m


 �
Uðnþ1Þ

i;j


 �


hl w�1
i;j ðxnÞl;m;i;jdg;l;m �w�1

i;j ðxgÞl;m;i;jdn;l;m


 �
Uðnþ1Þ

i;j


 �
þ gl w�1

i;j ðygÞl;m;i;jdn;l;m �w�1
i;j ðynÞl;m;i;jdg;l;m


 �
Uðnþ1Þ

i;j


 �

hl w�1
i;j ðxnÞl;m;i;jdg;l;m �w�1

i;j ðxgÞl;m;i;jdn;l;m


 �
UðnÞi;j


 �
þ gl w�1

i;j ðygÞl;m;i;jdn;l;m �w�1
i;j ðynÞl;m;i;jdg;l;m


 �
UðnÞi;j


 �

hl w�1
i;j ðxnÞl;m;i;jdg;l;m �w�1

i;j ðxgÞl;m;i;jdn;l;m


 �
Uðnþ1Þ

i;j


 �
þ 2gl w�1

i;j ðygÞl;m;i;jdn;l;m �w�1
i;j ðynÞl;m;i;jdg;l;m


 �
UðnÞi;j


 �

hl w�1
i;j ðxnÞl;m;i;jdg;l;m �w�1

i;j ðxgÞl;m;i;jdn;l;m


 �
UðnÞi;j


 ��
; ð70Þ
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@Gd

@ ~Uðnþ1Þ
x ; ~UðnÞx


 �
0
@

1
A

l;m;i;j

¼ 1
6

2f l Uðnþ1Þ
j


 �
hl w�1

i;j ðxnÞl;m;i;jdg;l;m �w�1
i;j ðxgÞl;m;i;jdn;l;m


 �
Uðnþ1Þ

i;j


 �


þfl Uðnþ1Þ
j


 �
hl w�1

i;j ðxnÞl;m;i;jdg;l;m �w�1
i;j ðxgÞl;m;i;jdn;l;m


 �
UðnÞi;j


 �

þfl UðnÞj


 �
hl w�1

i;j ðxnÞl;m;i;jdg;l;m �w�1
i;j ðxgÞl;m;i;jdn;l;m


 �
Uðnþ1Þ

i;j


 �

þ2f lðU
ðnÞ
j Þhl w�1

i;j ðxnÞl;m;i;jdg;l;m �w�1
i;j ðxgÞl;m;i;jdn;l;m


 �
UðnÞi;j


 �� dgl

d ~Uðnþ1Þ
x ; ~UðnÞx


 �
0
@

1
A

m;i;j

; ð71Þ

@Gd

@ ~Uðnþ1Þ
y ; ~UðnÞy


 �
0
@

1
A

l;m;i;j

¼ 1
6

2f l Uðnþ1Þ
j


 �
gl w�1

i;j ðygÞl;m;i;jdn;l;m �w�1
i;j ðynÞl;m;i;jdg;l;m


 �
Uðnþ1Þ

i;j


 �


þfl Uðnþ1Þ
j


 �
gl w�1

i;j ðygÞl;m;i;jdn;l;m �w�1
i;j ðynÞl;m;i;jdg;l;m


 �
UðnÞi;j


 �

þfl UðnÞj


 �
gl w�1

i;j ðygÞl;m;i;jdn;l;m �w�1
i;j ðynÞl;m;i;jdg;l;m


 �
Uðnþ1Þ

i;j


 �

þ2f l UðnÞj


 �
gl w�1

i;j ðygÞl;m;i;jdn;l;m �w�1
i;j ðynÞl;m;i;jdg;l;m


 �
UðnÞi;j


 �� dhl

d ~Uðnþ1Þ
y ; ~UðnÞy


 �
0
@

1
A

m;i;j

; ð72Þ

dfl

dð~Uðnþ1Þ; ~UðnÞÞ

 !
m;i;j

:¼

fl Uðnþ1Þ
i;j


 �
�fl UðnÞ

i;j


 �
Uðnþ1Þ

i;j
�UðnÞ

i;j

Uðnþ1Þ
i;j – UðnÞi;j


 �
;

dfl
dU UðnÞi;j


 �
ðotherwiseÞ;

8>>>><
>>>>:

ð73Þ

dgl

d ~Uðnþ1Þ
x ;~UðnÞx


 �
0
@

1
A

m;i;j

:¼

gl w�1
i;j
ðygÞl;m;i;jdn;l;m�w�1

i;j
ðynÞl;m;i;jdg;l;m


 �
Uðnþ1Þ

i;j


 �
�gl w�1

i;j
ðygÞl;m;i;jdn;l;m�w�1

i;j
ðynÞl;m;i;jdg;l;m


 �
UðnÞ

i;j


 �
w�1

i;j
ðygÞl;m;i;jdn;l;m�w�1

i;j
ðynÞl;m;i;jdg;l;m


 �
Uðnþ1Þ

i;j
� w�1

i;j
ðygÞl;m;i;jdn;l;m�w�1

i;j
ðynÞl;m;i;jdg;l;m


 �
UðnÞ

i;j

ðif the denominator – 0Þ;

dgl
dUx

w�1
i;j ðygÞl;m;i;jdn;l;m�w�1

i;j ðynÞl;m;i;jdg;l;m


 �
UðnÞi;j


 �
ðotherwiseÞ;

8>>>>><
>>>>>:

ð74Þ
dhl

d ~Uðnþ1Þ
y ;~UðnÞy


 �
0
@

1
A

m;i;j

:¼

hl w�1
i;j
ðxnÞl;m;i;jdg;l;m�w�1

i;j
ðxgÞl;m;i;jdn;l;m


 �
Uðnþ1Þ

i;j


 �
�hl w�1

i;j
ðxnÞl;m;i;jdg;l;m�w�1

i;j
ðxgÞl;m;i;jdn;l;m


 �
UðnÞ

i;j


 �
w�1

i;j
ðxnÞl;m;i;jdg;l;m�w�1

i;j
ðxgÞl;m;i;jdn;l;m


 �
Uðnþ1Þ

i;j
� w�1

i;j
ðxnÞl;m;i;jdg;l;m�w�1

i;j
ðxgÞl;m;i;jdn;l;m


 �
UðnÞ

i;j

ðif the denominator – 0Þ;

dhl
dUy

w�1
i;j ðxnÞl;m;i;jdg;l;m�w�1

i;j ðxgÞl;m;i;jdn;l;m


 �
UðnÞi;j


 �
ðotherwiseÞ:

8>>>>><
>>>>>:

ð75Þ
The discrete variational derivative is carefully defined again, which provides the variational structure:

Lemma 20. Suppose the condition
lð@X;dn;l;m ;dg;l;m ;ðxnÞl;m;i;j ;ðxgÞl;m;i;j ;ðynÞl;m;i;j ;ðygÞl;m;i;jÞ
Uðnþ1Þ

i;j � UðnÞi;j

Dt

( )
;

@Gd

@ ~Uðnþ1Þ
x ; ~UðnÞx


 �
0
@

1
A

l;m;i;j

8><
>:

9>=
>;;

@Gd

@ ~Uðnþ1Þ
y ; ~UðnÞy


 �
0
@

1
A

l;m;i;j

8><
>:

9>=
>;

0
B@

1
CA ¼ 0

ð76Þ
is satisfied for each l and m. Then
1
Dt

Hðnþ1Þ � HðnÞ

 �

¼
XN

i¼0

XM

j¼0

wi;j

Uðnþ1Þ
i;j � UðnÞi;j

Dt

 !
dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

: ð77Þ
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Proof. From (70)–(72) we have
1
Dt

Hðnþ1Þ � HðnÞ

 �

¼ 1
Dt

XN

i¼1

XM

j¼1

XK

l¼1

wi;j

Ml

XMl

ml¼1

fl Uðnþ1Þ
i;j


 �
gl w�1

i;j ðygÞl;m;i;jdn;l;m �w�1
i;j ðynÞl;m;i;jdg;l;m


 �
Uðnþ1Þ

i;j


 �



hl w�1
i;j ðxnÞl;m;i;jdg;l;m �w�1

i;j ðxgÞl;m;i;jdn;l;m


 �
Uðnþ1Þ

i;j


 ��
�fl UðnÞi;j


 �
gl w�1

i;j ðygÞl;m;i;jdn;l;m �w�1
i;j ðynÞl;m;i;jdg;l;m


 �
UðnÞi;j


 �

hl w�1

i;j ðxnÞl;m;i;jdg;l;m �w�1
i;j ðxgÞl;m;i;jdn;l;m


 �
UðnÞi;j


 ���

¼
XN

i¼0

XM

j¼0

XK

l¼1

wi;j

Ml

XMl

m¼1

Uðnþ1Þ
i;j � UðnÞi;j

Dt

 !
@G d

@ð~Uðnþ1Þ; ~UðnÞÞ

 !
l;m;i;j

0
@

þw�1
i;j ðygÞl;m;i;jdn;l;m � ðynÞl;m;i;jdg;l;m


 � Uðnþ1Þ
i;j � UðnÞi;j

Dt

 !
@Gd

@ ~Uðnþ1Þ
x ; ~UðnÞx


 �
0
@

1
A

l;m;i;j

þw�1
i;j ðxnÞl;m;i;jdg;l;m � ðxgÞl;m;i;jdn;l;m


 � Uðnþ1Þ
i;j � UðnÞi;j

Dt

 !
@Gd

@ ~Uðnþ1Þ
y ; ~UðnÞy


 �
0
@

1
A

l;m;i;j

1
CA:
Applying Lemma 19, we obtain
¼
XN

i¼0

XM

j¼0

XK

l¼1

wi;j

Ml

XMl

m¼1

Uðnþ1Þ
i;j � UðnÞi;j

Dt

 !
@G d

@ð~Uðnþ1Þ; ~UðnÞÞ

 !
l;m;i;j

�w�1
i;j d�n;l;m ðygÞl;m;i;j

@Gd

@ ~Uðnþ1Þ
x ; ~UðnÞx


 �
0
@

1
A

l;m;i;j

0
B@

1
CA

8><
>:

2
64

�d�g;l;m ðynÞl;m;i;j
@Gd

@ ~Uðnþ1Þ
x ; ~UðnÞx


 �
0
@

1
A

l;m;i;j

0
B@

1
CA
9>=
>;

Uðnþ1Þ
i;j � UðnÞi;j

Dt

 !
�w�1

i;j d�g;l;m ðxnÞl;m;i;j
@Gd

@ ~Uðnþ1Þ
y ; ~UðnÞy


 �
0
@

1
A

l;m;i;j

0
B@

1
CA

8><
>:

�d�n;l;m ðxgÞl;m;i;j
@Gd

@ ~Uðnþ1Þ
y ; ~UðnÞy


 �
0
@

1
A

l;m;i;j

0
B@

1
CA
9>=
>;

Uðnþ1Þ
i;j � UðnÞi;j

Dt

 !375 ¼XN

j¼0

wi;j

Uðnþ1Þ
i;j � UðnÞi;j

Dt

 !
dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

: �
4.5. Design of schemes for the dissipative equations

We define the scheme for the dissipative equation (44) by
Uðnþ1Þ
i;j � UðnÞi;j

Dt
¼ � dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

ð78aÞ
if s ¼ 0, and by
Uðnþ1Þ
i;j � UðnÞi;j

Dt
¼ w�1

i;j d�n ðygÞi;j w�1
i;j ðygÞi;jdn � ðynÞi;jdg


 �
 � dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

0
@

1
A

�w�1
i;j d�g ðynÞi;j w�1

i;j ðygÞi;jdn � ðynÞi;jdg


 �
 � dG d

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

0
@

1
A

þw�1
i;j d�g ðxnÞi;j w�1

i;j ðxnÞi;jdg � ðxgÞi;jdn


 �
 � dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

0
@

1
A

�w�1
i;j d�n ðxgÞi;j w�1

i;j ðxnÞi;jdg � ðxgÞi;jdn


 �
 � dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

0
@

1
A ð78bÞ
if s ¼ 1.

Theorem 21. Let wi;j’s be positive. Let UðnÞi;j be a numerical solution of the scheme (78a) or (78b) under the boundary condition
that satisfies the assumption of Lemma 20 . Suppose also that
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lð@X;dn ;dg ;ðxnÞi;j ;ðxgÞi;j ;ðynÞi;j ;ðygÞi;jÞ
dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

8<
:

9=
;; w�1

k;j ðygÞk;jdn � ðynÞk;jdg


 � dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

8<
:

9=
;;

0
@

w�1
k;j ðxnÞk;jdg � ðxgÞk;jdn


 � dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

8<
:

9=
;
1
A ¼ 0 ð79Þ
if s ¼ 1. Then
1
Dt

Hðnþ1Þ � HðnÞ

 �

6 0: ð80Þ
Proof. This theorem is obtained in almost the same way as Theorem 15. By Lemma 20, we have
1
Dt

Hðnþ1Þ � HðnÞ

 �

¼
XN

i¼0

XM

j¼0

wi;j

Uðnþ1Þ
i;j � UðnÞi;j

Dt

 !
dG d

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

: ð81Þ
In the case of s ¼ 0, substituting scheme (78a) yields
ð81Þ ¼ �
XN

i¼0

XM

j¼0

wi;j
dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

0
@

1
A

2

6 0:
In the case of s ¼ 1, substituting scheme (78b) and applying Lemma 19 yield
ð81Þ ¼ �
XN

i¼0

XM

j¼0

wi;j
dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

w�1
i;j d�n ðygÞi;j w�1

i;j ðygÞi;jdn � ðynÞi;jdg


 �
 � dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

0
@

1
A

0
@

�w�1
i;j d�g ðynÞi;j w�1

i;j ðygÞi;jdn � ðynÞi;jdg


 �
 � dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

0
@

1
A

þw�1
i;j d�g ðxnÞi;j w�1

i;j ðxnÞi;jdg � ðxgÞi;jdn


 �
 � dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

0
@

1
A

�w�1
i;j d�n ðxgÞi;j w�1

i;j ðxnÞi;jdg � ðxgÞi;jdn


 �
 � dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

0
@

1
A
1
A

¼ �
XN

i¼0

XM

j¼0

wi;j w�1
i;j ðygÞi;jdn � ðynÞi;jdg


 � dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

0
@

1
A

2
0
B@

þ w�1
i;j ðxnÞi;jdg � ðxgÞi;jdn


 � dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

0
@

1
A

2
1
CA 6 0: �
4.6. Design of schemes for the conservative equations

We define the scheme for the conservative equation (47) by
Uðnþ1Þ
i;j � UðnÞi;j

Dt
¼ 1

2
w�1

i;j ððygÞi;jdn � ðynÞi;jdgÞ þw�1
i;j ððxnÞi;jdg � ðxgÞi;jdnÞ


 � dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

8<
:

þw�1
i;j dn ðygÞi;j

dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

0
@

1
A� dg ðynÞi;j

dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

0
@

1
A

0
@

1
A

þw�1
i;j dg ðxnÞi;j

dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

0
@

1
A� dn ðxgÞi;j

dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

0
@

1
A

0
@

1
A
9=
;; ð82Þ
where dn and dg are the central difference operators in the n and the g directions, respectively.
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Theorem 22. Let UðnÞi;j be a numerical solution of scheme (82) under the boundary condition that satisfies the assumption of
Lemma 20 and
lð@X;dc ;dc ;ðxnÞi;j ;ðxgÞi;j ;ðynÞi;j ;ðygÞi;jÞ
dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

8<
:

9=
;; dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

8<
:

9=
;; dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

8<
:

9=
;

0
@

1
A ¼ 0: ð83Þ
Then
1
Dt
ðHðnþ1Þ � HðnÞÞ ¼ 0: ð84Þ
Proof. This theorem is obtained in almost the same way as Theorem 16. Applying Lemma 20 we have
1
Dt

Hðnþ1Þ � HðnÞ

 �

¼
XN

i¼0

XM

j¼0

wi;j

Uðnþ1Þ
i;j � UðnÞi;j

Dt

 !
dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

:

Substituting scheme (82) yields
¼ 1
2

XN

i¼0

XM

j¼0

wi;j
dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

w�1
i;j ðygÞi;jdn � ðynÞi;jdg


 �
þw�1

i;j ðxnÞi;jdg � ðxgÞi;jdn


 �
 � dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

8<
:

þw�1
i;j dn ðygÞi;j

dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

0
@

1
A� dg ðynÞi;j

dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

0
@

1
A

0
@

1
Aþw�1

i;j dg ðxnÞi;j
dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

0
@

1
A

0
@

�dn ðxgÞi;j
dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

0
@

1
A
1
A
9=
;:
Applying Lemma 19 gives
¼ �1
2

XN

i¼0

XM

j¼0

wi;j
dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

w�1
i;j d�g ðxnÞi;j

dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

0
@

1
A� d�n ðxgÞi;j

dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

0
@

1
A

0
@

1
A

8<
:

þw�1
i;j d�n ðygÞi;j

dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

0
@

1
A� d�g ðynÞi;j

dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

0
@

1
A

0
@

1
A w�1

i;j ðygÞi;jd
�
n � ðynÞi;jd

�
g


 �


þw�1
i;j ðxnÞi;jd

�
g � ðxgÞi;jd

�
n


 �� dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

9=
;:
Since dn ¼ dc ¼ d�c ¼ d�n and dg ¼ dc ¼ d�c ¼ d�g, it follows that
1
Dt
ðHðnþ1Þ �HðnÞÞ ¼ 1

2

XN

i¼0

XM

j¼0

wi;j
dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
i;j

w�1
i;j ðygÞi;jdn�ðynÞi;jdg


 �
n

þw�1
i;j ðxnÞi;jdg�ðxgÞi;jdn


 �� dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
i;j

þw�1
i;j dn ðygÞi;j

dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
i;j

0
@

1
A

0
@

�dg ðynÞi;j
dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
i;j

0
@

1
A
1
Aþw�1

i;j dg ðxnÞi;j
dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
i;j

0
@

1
A� dn ðxgÞi;j

dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
i;j

0
@

1
A

0
@

1
A
9=
;

¼�1
2

XN

i¼0

XM

j¼0

wi;j
dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
i;j

w�1
i;j dg ðxnÞi;j

dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
i;j

0
@

1
A

0
@

8<
:

�dn ðxgÞi;j
dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
i;j

0
@

1
A
1
Aþw�1

i;j dn ðygÞi;j
dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
i;j

0
@

1
A

0
@

�dg ðynÞi;j
dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
i;j

0
@

1
A
1
A w�1

i;j ðygÞi;jdn�ðynÞi;jdg


 �
þw�1

i;j ðxnÞi;jdg�ðxgÞi;jdn


 �
 � dGd

dð~Uðnþ1Þ;~UðnÞÞ

 !
i;j

9=
;;
and hence this equals 0. h
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5. An example of the two-dimensional case

As an example of the two-dimensional case, we derive a dissipative scheme and show a numerical result for the Cahn–
Hilliard equation
@u
@t
¼ D

dG
du
; Gðu;ux;uyÞ ¼

p
2

u2 þ r
4

u4 � q
2

@u
@x

� �2

þ @u
@y

� �2
 !

: ð85Þ
5.1. An energy dissipative scheme for the Cahn–Hilliard equation

We first define the discrete energy functional for this equation. The energy functional Gðu;ux;uyÞ is written in the form of
(66) with K ¼ 3 and
f1ðuÞ ¼
p
2

u2 þ r
4

u4; f 2ðuÞ ¼ 1; f 3ðuÞ ¼ 1;

g1ðuxÞ ¼ 1; g2ðuxÞ ¼ �
q
2

u2
x ; g3ðuxÞ ¼ 1;

h1ðuyÞ ¼ 1; h2ðuyÞ ¼ 1; h3ðuyÞ ¼ �
q
2

u2
y :
We introduce the discrete energy functional so that it corresponds to these. On the given mesh, we introduce the
weights by
wi;j ¼ ðxn;cÞi;jðyg;cÞi;j � ðxg;cÞi;jðyn;cÞi;j;

ðxn;cÞi;j ¼
xðiþ 1; jÞ � xði� 1; jÞ

2
; ðyn;cÞi;j ¼

yðiþ 1; jÞ � yði� 1; jÞ
2

;

ðxg;cÞi;j ¼
xði; jþ 1Þ � xði; j� 1Þ

2
; ðyg;cÞi;j ¼

yði; jþ 1Þ � yði; j� 1Þ
2

:

The following difference operators are used for the discretization:
dn;þUi;j ¼ Uiþ1;j � Ui;j; dn;�Ui;j ¼ Ui;j � Ui�1;j; dg;þUi;j ¼ Ui;jþ1 � Ui;j; dg;�Ui;j ¼ Ui;j � Ui;j�1:
For l ¼ 2; M2 ¼ 4 is set and g2 is approximated by
g2ðuxÞ ¼ �
q
2

u2
x ’ �

1
M2

q
2

w�1
i;j ððyg;cÞi;jdn;þ � ðyn;cÞi;jdg;þÞUðnÞi;j


 �2
þ w�1

i;j ððyg;cÞi;jdn;þ � ðyn;cÞi;jdg;�ÞUðnÞi;j


 �2
�

þ w�1
i;j ððyg;cÞi;jdn;� � ðyn;cÞi;jdg;þÞUðnÞi;j


 �2
þ w�1

i;j ððyg;cÞi;jdn;� � ðyn;cÞi;jdg;�ÞUðnÞi;j


 �2
�
;

which gives
ðynÞ2;1;i;j ¼ ðynÞ2;2;i;j ¼ ðynÞ2;3;i;j ¼ ðynÞ2;4;i;j ¼ ðyn;cÞi;j;

ðygÞ2;1;i;j ¼ ðygÞ2;2;i;j ¼ ðygÞ2;3;i;j ¼ ðygÞ2;4;i;j ¼ ðyg;cÞi;j;

dn;2;1 ¼ dn;2;2 ¼ dn;þ; dn;2;3 ¼ dn;2;4 ¼ dn;�; dg;2;1 ¼ dg;2;3 ¼ dg;þ; dg;2;2 ¼ dg;2;4 ¼ dg;�:
Similarly, we set M3 ¼ 4 and approximate h3 by
h3ðuyÞ ¼ �
q
2

u2
y ’ �

1
M3

q
2

w�1
i;j ððxn;cÞi;jdg;þ � ðxg;cÞi;jdn;þÞUðnÞi;j


 �2
þ w�1

i;j ððxn;cÞi;jdg;þ � ðxg;cÞi;jdn;�ÞUðnÞi;j


 �2
�

þ w�1
i;j ððxn;cÞi;jdg;� � ðxg;cÞi;jdn;þÞUðnÞi;j


 �2
þ w�1

i;j ððxn;cÞi;jdg;� � ðxg;cÞi;jdn;�ÞUðnÞi;j


 �2
�
;

which gives
ðxnÞ3;1;i;j ¼ ðxnÞ3;2;i;j ¼ ðxnÞ3;3;i;j ¼ ðxnÞ3;4;i;j ¼ ðxn;cÞi;j;

ðxgÞ3;1;i;j ¼ ðxgÞ3;2;i;j ¼ ðxgÞ3;3;i;j ¼ ðxgÞ3;4;i;j ¼ ðxg;cÞi;j;

dn;3;1 ¼ dn;3;3 ¼ dn;þ; dn;3;2 ¼ dn;3;4 ¼ dn;�; dg;3;1 ¼ dg;3;2 ¼ dg;þ; dg;3;3 ¼ dg;3;4 ¼ dg;�:
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From the above, the discrete energy functional is defined by
Gdð~UðnÞÞi;j ¼
p
2

UðnÞi;j


 �2
þ r

4
UðnÞi;j


 �4
� 1

M2

q
2

w�1
i;j ðyg;cÞi;jdn;þ � ðyn;cÞi;jdg;þ


 �
UðnÞi;j


 �2
�

þ w�1
i;j ðyg;cÞi;jdn;þ � ðyn;cÞi;jdg;�


 �
UðnÞi;j


 �2
þ w�1

i;j ððyg;cÞi;jdn;� � ðyn;cÞi;jdg;þÞUðnÞi;j


 �2

þ w�1
i;j ððyg;cÞi;jdn;� � ðyn;cÞi;jdg;�ÞUðnÞi;j


 �2
�
� 1

M3

q
2

w�1
i;j ððxn;cÞi;jdg;þ � ðxg;cÞi;jdn;þÞUðnÞi;j


 �2
�

þ w�1
i;j ððxn;cÞi;jdg;þ � ðxg;cÞi;jdn;�ÞUðnÞi;j


 �2
þ w�1

i;j ððxn;cÞi;jdg;� � ðxg;cÞi;jdn;þÞUðnÞi;j


 �2

þ w�1
i;j ððxn;cÞi;jdg;� � ðxg;cÞi;jdn;�ÞUðnÞi;j


 �2
�
:

Next, we define the discrete variational derivative by (69). For l ¼ 1, we set M1 ¼ 1 and obtain
@Gd

@ð~Uðnþ1Þ; ~UðnÞÞ

 !
1;1;i;j

¼ p
2

Uðnþ1Þ
i;j þ UðnÞi;j


 �
þ r

4
Uðnþ1Þ

i;j


 �3
þ Uðnþ1Þ

i;j


 �2
UðnÞi;j þ Uðnþ1Þ

i;j UðnÞi;j


 �2
þ UðnÞi;j


 �3
� �

;

@Gd

@ð~Uðnþ1Þ
x ; ~UðnÞx Þ

 !
1;1;i;j

¼ @Gd

@ ~Uðnþ1Þ
y ; ~UðnÞy


 �
0
@

1
A

1;1;i;j

¼ 0:
For l ¼ 2, we have already set M2 ¼ 4 and obtain
@Gd

@ ~Uðnþ1Þ
x ; ~UðnÞx


 �
0
@

1
A

2;1;i;j

¼ � q
2

w�1
i;j ðyg;cÞi;jdn;þ � ðyn;cÞi;jdg;þ


 �
Uðnþ1Þ

i;j þ UðnÞi;j


 �
;

@Gd

@ ~Uðnþ1Þ
x ; ~UðnÞx


 �
0
@

1
A

2;2;i;j

¼ � q
2

w�1
i;j ðyg;cÞi;jdn;þ � ðyn;cÞi;jdg;�


 �
Uðnþ1Þ

i;j þ UðnÞi;j


 �
;

@Gd

@ ~Uðnþ1Þ
x ; ~UðnÞx


 �
0
@

1
A

2;3;i;j

¼ � q
2

w�1
i;j ðyg;cÞi;jdn;� � ðyn;cÞi;jdg;þ


 �
Uðnþ1Þ

i;j þ UðnÞi;j


 �
;

@Gd

@ ~Uðnþ1Þ
x ; ~UðnÞx


 �
0
@

1
A

2;4;i;j

¼ � q
2

w�1
i;j ðyg;cÞi;jdn;� � ðyn;cÞi;jdg;�


 �
Uðnþ1Þ

i;j þ UðnÞi;j


 �
;

@Gd

@ð~Uðnþ1Þ; ~UðnÞÞ

 !
2;m;i;j

¼ @Gd

@ ~Uðnþ1Þ
y ; ~UðnÞy


 �
0
@

1
A

2;m;i;j

¼ 0 ðm ¼ 1;2;3;4Þ:
In a similar manner, for l ¼ 3 we have
@Gd

@ ~Uðnþ1Þ
y ; ~UðnÞy


 �
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1
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¼ � q
2

w�1
i;j ððxn;cÞi;jdg;þ � ðxg;cÞi;jdn;þÞ Uðnþ1Þ

i;j þ UðnÞi;j
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@ ~Uðnþ1Þ
y ; ~UðnÞy


 �
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i;j ððxn;cÞi;jdg;þ � ðxg;cÞi;jdn;�Þ Uðnþ1Þ
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2
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i;j ððxn;cÞi;jdg;� � ðxg;cÞi;jdn;�Þ Uðnþ1Þ

i;j þ UðnÞi;j


 �
;

@Gd

@ð~Uðnþ1Þ; ~UðnÞÞ

 !
3;m;i;j

¼ @Gd

@ ~Uðnþ1Þ
x ; ~UðnÞx


 �
0
@

1
A

3;m;i;j

¼ 0 ðm ¼ 1;2;3;4Þ:
Using the above symbols, the discrete variational derivative is defined by
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dGd

dð~Uðnþ1Þ; ~UðnÞÞ

 !
i;j

¼
X3

l¼1

1
Ml

XMl

m¼1

@Gd

@ð~Uðnþ1Þ; ~UðnÞÞ
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l;m;i;j

�w�1
i;j d�n;l;m ðygÞl;m;i;j
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 �
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þw�1

i;j dn;þ ðyg;cÞi;jw�1
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:

The scheme is defined by (78b) with, for example, dn and dg being the backward differences dn;� and dg;�:
Uðnþ1Þ
i;j � UðnÞi;j

Dt
¼ w�1

i;j dn;þ ðyg;cÞi;j w�1
i;j ððyg;cÞi;jdn;� � ðyn;cÞi;jdg;�Þ


 � dGd

dð~Uðnþ1Þ; ~U